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Scoring rules The formal framework Solution 2: Performative divergence
0.2 - - @@) In the classical setting, divergence is given by
) ' = -
é Fxample with Brier score [1]: D(F, P) :=Ep|S(FY)] — Ep[S(PY)].
w _0A4- - . This generalises to the performative divergence
ks ' Y ={0,1} Definition: Let M be a set of SCMs such that G| 4y)(M) is a subgraph of the graph
O F e€10,1] above for all M € M. D(F, M) :=Ep[S(F,Y) |do(F)] — Ep|S(Py(Y | A, do(F)),Y) | do(F)].
& —0.6- P(Y =1)=0.25
O P(Y) S(F.y) = —(F —y)? Theorem: Let M be the set of SCMs with common graph G satisfying the above Theorem
: J) = Y ) definition. There exists a correct forecast for Y| A forall M € M iff Y 1% F| A. . . |
' ' ' ' EplS(FY)| = —(P = F)" = P(1 - P) This is assumed in all subsequent results Performative divergence D,
0.00 025 050 0.75 1.00 . ' observationally strictly proper,
. Definition: We call a conditional scoring rule S(F, a, y) counterfactually proper.
S'is proper if Ep[S(P,Y)] > Ep[S(F,Y)] for all F # P, and strictly proper if the inequality = observationally (strictly) proper relative to M if for all M € M, Ey;[S | do(F')] is (only) Eamallmy
’ ict. maximised at FFwith F(Y |A=a) = Py(Y | A =a,do(F)) for all a € A such that
oS i (A1, Y1), (A Vo) ~ Pu(A, Y| do(F)
Problem: Scoring rules are not brober in berformative settin = counterfactually (strictly) proper relative to M if for all M € M, Ey;[S | do(F)] is (only) Utr)wb|ase§ eShHmaio.rtll)(Al, e Y):
' 9 Prop P 9 maximised at F with F(Y |A =a) = Py(Y | A = a,do(F)) for all a € A such that ODSEIVALIonally SLHELY Propet,
| | A— aldo(F)) — 0 _ counterfactually proper.
Performative setting: F — A — Y Pr(A = aldo(F)) =0 | | . Fly<, 1.0 00 ¥
= (strictly) proper relative to M if for all M € M, Ey/[S | do(F)] is (only) maximised at F MAsn) <
Marginal forecast F: with F(Y|A=a) = Py(Y|A=ua,do(F)) foralla € A
o —0.2- . Theorem: Let M be the set of models such that Y 14 F'| A. Let S be a classically Parameter estimation
= ' strictly proper scoring rule, then S is not strictly proper for predicting YA in M. _ o ,
§ ) i [(2’ 1 v PP ° v PP ° e Y] Let Fy be a parametrised forecast, then in line with [5] we have
—_ 4 - .
ks A=/ 0 e < 9'5 lut . . h _ _ R(01+1,0;) = Ey|S(Fy,.,,Y)|do(Fy,)] decoupled performative score
S 06 |1 otherwise Solution 1: Decision-theoretic setting R(0) = B [S(Fy.Y) | do(Fy)] = R(6,0) e
Q . ( . _— . ol . . o o . D 1 1
a0 P(Y|A=0) P(Y|A=1) PY =1|A) =« 825 I; j j (1) Setting: Utility U : A x Y — R, deterministic decision rule F — A [2, 3, 4]. Ops : e R(0,0ps) performatively stable
—0.8 1 | | — . ( A= 0po = argmin R(0) performatively optimal
0.00 0.25 050 0.75 1.00 0
: Correct forecast does not exict! 055 1 . e - Performatjvg divergence Rp(0) and decoupled performative divergence Rp(6;.1,0;) are
050 1 . /‘ defined similarly.
. 0.45 ] 1 Theorem: If Py;(A|do(F)) has full support for all F and M, then for any given 6,, the
: | 0.2 M , £
Conalinonz| ferseast 0-40 01 1 \ re-trained parameter 0, := argminy Rp(9, 6,):
0.35 ° | S &
0.30 >0 = vields a correct forecast,
F = F(Y =1[A=0) 0. 112 0.25 ° o —0.1 = |s performatively stable and
FiY=11A=1 € 10,1 0.8%° . . .
oo 1 \ Y =1]A=1) 008 ¢ 0406 1008 0 0 = performatively optimal with respect to Rp(6).
—03 1 = 4 O HC FO < 05 or F1 > 0775 S 04 0.2 0.0 0_00'2 | p?“ - 04 0.2 0.0 0_00'2 | P‘éﬁ
! A= . (Ys<1/a_ e Flr<qp_ - o
—0.4 1 otherwise 0) =0)
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