
1
Conditional Forecasts and Proper Scoring Rules for Reliable and

Accurate Performative Predictions
Philip Boeken1 2 Onno Zoeter2 Joris M. Mooij1

2

Scoring rules
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Example with Brier score [1]:

Y = {0, 1}
F ∈ [0, 1]

P (Y = 1) = 0.25

S(F, y) = −(F − y)2

EP [S(F, Y )] = −(P − F )2 − P (1− P )

S is proper if EP [S(P, Y )] ≥ EP [S(F, Y )] for all F 6= P , and strictly proper if the inequality

is strict.

Problem: Scoring rules are not proper in performative setting

Performative setting: F → A → Y

Marginal forecast F :
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F ∈ [0, 1]

A =

{
0 if F < 0.5

1 otherwise

P (Y = 1 |A) =

{
0.25 if A = 0

0.8 if A = 1

Correct forecast does not exist!

Conditional forecast F :
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F =

(
F (Y = 1 |A = 0)
F (Y = 1 |A = 1)

)
∈ [0, 1]2

A =

{
0 if F0 < 0.5 or F1 > 0.775

1 otherwise

P (Y = 1 |A) =

{
0.25 if A = 0

0.8 if A = 1

Correct forecast exists, but is not

optimal!

The formal framework

F A Y

Definition: Let M be a set of SCMs such that G[F,A,Y ](M) is a subgraph of the graph

above for all M ∈ M.

Theorem: Let M be the set of SCMs with common graph G satisfying the above

definition. There exists a correct forecast for Y |A for all M ∈ M iff Y ⊥d
G F |A.

This is assumed in all subsequent results.

Definition: We call a conditional scoring rule S(F, a, y)

observationally (strictly) proper relative to M if for all M ∈ M, EM [S | do(F )] is (only)
maximised at F with F (Y |A = a) = PM(Y |A = a, do(F )) for all a ∈ A such that

PM(A = a | do(F )) > 0;
counterfactually (strictly) proper relative to M if for all M ∈ M, EM [S | do(F )] is (only)
maximised at F with F (Y |A = a) = PM(Y |A = a, do(F )) for all a ∈ A such that

PM(A = a | do(F )) = 0;
(strictly) proper relative to M if for all M ∈ M, EM [S | do(F )] is (only) maximised at F
with F (Y |A = a) = PM(Y |A = a, do(F )) for all a ∈ A.

Theorem: Let M be the set of models such that Y ⊥d
G F |A. Let S be a classically

strictly proper scoring rule, then S is not strictly proper for predicting Y |A in M.

Solution 1: Decision-theoretic setting

Setting: Utility U : A× Y → R, deterministic decision rule F 7→ A [2, 3, 4].
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Theorem [3]:

Utility score S(F, y) := U(aF , y)
observationally proper,

counterfactually proper,

incentive compatible.
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Theorem:

S(F, y) = U(aF , y) + ∆ · S ′(FaF , y)
observationally strictly proper,

counterfactually proper,

incentive compatible.

Definition: Conditional scoring rule S is incentive compatible with U if

arg max
F

EM [S | do(F )] = arg max
F

EM [U | do(F )].

Solution 2: Performative divergence

In the classical setting, divergence is given by

D(F, P ) := EP [S(F, Y )]− EP [S(P, Y )].

This generalises to the performative divergence

D(F,M) := EM [S(F , Y ) | do(F )]− EM [S(PM(Y |A, do(F )), Y ) | do(F )].
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Theorem

Performative divergence D:

observationally strictly proper,

counterfactually proper.

Corollary

(A1, Y1), ..., (An, Yn) ∼ PM(A, Y | do(F ))
Unbiased estimator D̂(A1, ..., Yn):
observationally strictly proper,

counterfactually proper.

Parameter estimation

Let Fθ be a parametrised forecast, then in line with [5] we have

R(θt+1, θt) := EM [S(Fθt+1
, Y ) | do(Fθt)] decoupled performative score

R(θ) := EM [S(Fθ, Y ) | do(Fθ)] = R(θ, θ) performative score

θPS := arg min
θ

R(θ, θPS) performatively stable

θPO := arg min
θ

R(θ) performatively optimal

Performative divergence RD(θ) and decoupled performative divergence RD(θt+1, θt) are
defined similarly.

Theorem: If PM(A | do(F )) has full support for all F and M , then for any given θt, the
re-trained parameter θt+1 := arg minθRD(θ, θt):

yields a correct forecast,

is performatively stable and

performatively optimal with respect to RD(θ).
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