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Constraint-based causal discovery (PC, FCI, …) assumes faithfulness. Untestable, so why assume it?

This work: faithfulness is open and dense, hence a topologically typical property.

Auxiliary result: CI is closed in weak topology, hence consistently testable.

Consequence: PC and FCI are consistent on a dense, open set of Bayesian networks.

Definitions

A causal Bayesian network is a DAG G = (V, E) together with a Markov kernel

P(Xv | Xpa(v)) for every v ∈ V . These kernels factorise into a joint distribution:

P(XV ) :=
⊗
v∈V

P(Xv | Xpa(v)).

Two conditions on the pair (G,P):

Markov A ⊥d
G B | C =⇒ XA ⊥⊥P XB | XC (always holds)

Faithful A 6⊥d
G B | C =⇒ XA 6⊥⊥P XB | XC (can fail)

Together they say: d-separations in G are exactly the conditional independencies in P.
Constraint-based causal discovery exploits this equivalence to reconstruct G from data.

Example of a faithfulness violation
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Linear-Gaussian network. The direct effect

βAC and the indirect effect βABβBC cancel if

βAC = −βABβBC.

Data shows XA ⊥⊥ XC even though A 6⊥d
G C .

Other violations: deterministic variables, deterministic relations.

Faithfulness fails on a thin, exceptional set — but in what sense, and in which model

classes?

Existing results

Spirtes et al. 1993 [6] Linear-Gaussian: unfaithful parameters have Lebesgue

measure zero in Rm.

Meek 1995 [5] Discrete: same — Lebesgue measure zero in Rm.

Lin et al. 2020 [4] Discrete: faithful parameters are also dense and open.

With no canonical Lebesgue measure on a nonparametric space of

Bayesian networks, we use topological notion of ‘typical’.

Our approach: topological typicality

In the example above, the unfaithful parameters form a 2-dimensional manifold βAC −
βABβBC = 0 in the 3-dimensional parameter space (βAB, βBC, βAC):
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We show that the faithful models are open and dense for two categories:

In Euclidean parameter spaces (linear-Gaussian, discrete, regular conditional

exponential families).

In nonparametric classes (unconstrained, and regular conditional density models) the

faithful Bayesian networks m = (Pm(Xv | Xpa(v)))v∈V are open and dense in the metric

d◦
TV (m, m′) :=

∑
v∈V

sup
xpa(v)

dTV

(
Pm(Xv | xpa(v)), Pm′(Xv | xpa(v))

)
.

Nonparametric results in two topologies

Conditional independence is dense in total variation and weak topology.

For it to be closed:

Total variation: conditional independence is closed [3].

Weak topology: conditional independence is closed under regularity conditions.

Weakly closed sets are consistently testable [2, 1].

Under regularity they coincide, and are metrised by dTV (distributions)

and d◦
TV (Markov kernels).

Main results

For each model class we ask three questions: are the faithful parameters typical? Are the

faithful distributions typical?

Model class Faithful parameters

(tuples of Markov kernels)

Faithful distributions

(space of P(XV ))

1. Unconstrained
any standard Borel Xv

Open + dense in d◦
TV Open + dense in dTV

2. Conditional
exponential families
sample spaces ⊆ R

Open + dense in Rm;

full Lebesgue measure

Open + dense in dTV

= weak topology

3. Nonparametric
conditional densities
any standard Borel Xv

Open + dense in d◦
TV Open + dense in dTV

= weak topology

Consequence: consistent causal discovery

In model classes 2 and 3 of the table:

(i) Faithfulness is open and dense in the weak topology

(ii) Conditional independence is closed in the weak
topology, hence there exists a consistent CI test

Combined: any sound constraint-based causal discov-
ery algorithm (e.g. PC, FCI) is consistent on an open

and dense — hence typical — set of Bayesian networks.

Proof sketch

Step 1 — finite reduction. Given DAG G, faithfulness is the finite intersection

FG =
⋂

A 6⊥d
G B | C

{
P Markov w.r.t. G : XA 6⊥⊥

P
XB | XC

}
.

A finite intersection of dense open sets is dense and open — so it suffices to show,

for one d-connection at a time, that the set of distributions exhibiting the corresponding

dependence is dense and open.

Step 2 — open. By Lauritzen 2024 [3], {P : XA ⊥⊥P XB | XC} is closed in total variation.

So its complement in MG is open.

Step 3 — dense via kernel interpolation. Given P0 with XA ⊥⊥P0 XB | XC , pick P1 with

XA 6⊥⊥P1 XB | XC and interpolate the kernels:

Pλ :=
⊗
v∈V

(
(1 − λ)P0(Xv | Xpa(v)) + λP1(Xv | Xpa(v))

)
.

Then Pλ
tv→ P0 and XA 6⊥⊥Pλ

XB | XC in the tail. So conditional dependence is dense.

Latent variables — aweaker requirement

Our results yield that faithfulness w.r.t. the full DAG G (over all variables, observed O and

latent L) is typical. Faithfulness w.r.t. the latent projection GO involves only the observed

variables and is therefore a strictly weaker requirement — so it is typical too.

A B

L1

L2 C

DAG G

faithful w.r.t. {A, B, C, L1, L2} in G

faithful w.r.t. {A, B, C} in G

⇓

A B C

Latent projection GA,B,C
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