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Abstract

Stochastic differential equations (SDEs) are widely used to model continuous-time
dynamical systems, but graphical causal models for them are not yet well-understood. We
consider systems of causal SDFEs that are equipped with an explicit causal semantics. We
pose solvability conditions for systems of causal SDEs such that they have well-defined
observational and interventional distributions — even after marginalisation — and provide
a general class of Lipschitz semimartingale SDEs that satisfies these conditions. As core
results we establish the o-separation Markov property and the do-calculus in terms of
the system’s causal graph for probabilistic independence and interventions on the level of
sample paths. For a class of additive-noise SDEs we prove a stronger d-separation Markov
property, even if the system is cyclic. As a corollary of the do-calculus, we obtain an explicit
causal interpretation of the graph: that the absence of a directed path implies the absence
of a causal effect. We further introduce time-split systems, which consider the causal
relations between the processes when evaluated on disjoint intervals or time-points, and use
them to reason about subsampled time-series, continuous-time Granger non-causality and
local independence. Finally, we discuss how constraint-based causal discovery algorithms
(PC, FCI, CCD, CCI) apply directly to SDEs within our framework when conditional
independence between sample paths can be consistently tested.

1 Introduction

Stochastic differential equations (SDEs) are widely used to model continuous-time dynamical
systems subject to randomness, with applications across the natural sciences and engineering.
Causal graphs for these continuous-time models are not yet well understood. Celebrated
tools from causal modelling are the causal graph, the Markov Property (graphical separations
between vertices imply conditional independencies between the variables), the do-calculus
(graphical criteria that relate observational distributions to interventional distributions), and
causal discovery (estimating the causal graph from data). These tools have not yet been worked
out for general (possibly cyclic) systems of SDEs.

Causal modelling of continuous-time systems has been worked out in specific settings.
Interventional semantics for equilibrium states of ODEs are developed in Mooij et al. (2013),
and for the dynamic regime of ODEs in Rubenstein et al. (2018) and Bongers et al. (2022).
Hansen and Sokol (2014) defined causal semantics for SDEs. Graphical models with a Markov
property for Granger non-causality have been introduced by Eichler and Didelez (2010); Eichler
(2012). A continuous-time notion of Granger non-causality called local independence has been
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introduced by Aalen (1978); Aalen et al. (2008); Florens and Fougere (1996); Comte and Renault
(1996) and developed graphically by Didelez (2008); Mogensen and Hansen (2020, 2022) with
causal interpretations by Aalen et al. (2012); Rgysland et al. (2024) and nonparametric testing
in Christgau et al. (2023). Causal discovery for discrete-time systems has been investigated
by Malinsky and Spirtes (2018); Runge et al. (2019); Reiter et al. (2024); see Assaad et al.
(2022) for an overview. Causal discovery in continuous time has likewise been carried out for
specific graphs: dynamic-independence graphs for stochastic kinetic networks (Bowsher, 2010),
local-independence graphs via an FCI-type algorithm (Mogensen et al., 2018), and the directed
graph of a stable process from its characteristic exponents (Briick et al., 2026). Other approaches
to causal discovery for systems of SDEs include Manten et al. (2024), Guan et al. (2024), Engelke
et al. (2024) and Nathaniel et al. (2025). None of these lines of work establishes a graphical
Markov property in terms of o- or d-separation for probabilistic independence between sample
paths, or provides a do-calculus for general (possibly cyclic) SDEs.

The framework of Structural Causal Models (SCMs) provides many tools for causal reasoning
in static and discrete-time settings: causal graphs encode conditional independence structure,
the do-calculus can be employed to identify causal effects from observational distributions, and
constraint-based algorithms recover causal structure from data. Building on the cyclic-SCM
theory of Forré and Mooij (2017); Bongers et al. (2021); Forré and Mooij (2025) and the
pathwise solution function for SDEs of Przybylowicz et al. (2024), this paper develops such a
framework for general systems of causal SDEs, allowing cycles, instantaneous relations, jumps,
and non-Markovianity.

Causal models that abstract away time in an unspecified way are inherently ambiguous
(Reisach et al., 2025). Most existing approaches that explicitly model time do so in discrete
time, e.g., via structural vector autoregression models or dynamic Bayesian networks. We give
a formal interpretation of these models as projections of underlying continuous-time systems
observed at specific points in time. This projection can distort causal inference: conditional
independencies may vanish, estimates of causal effects may be invalid, and inferred causal
structure may not correspond to its true continuous-time counterpart. By grounding causal
semantics directly in continuous-time dynamics, our framework provides a principled foundation
for interpreting discretely observed data while remaining mindful of the underlying processes.

1.1 Contributions

We equip systems of SDEs with a structural causal semantics via the notion of perfect intervention,
following Mooij et al. (2013); Hansen and Sokol (2014); Rubenstein et al. (2018); Peters et al.
(2020), and we give a definition of the causal graph of such systems of causal SDEs. Although
not strictly necessary for our analysis, we also give a pathwise, functional formulation of the
stochastic integral (Definition 4): it lets one read the system of SDEs as a structural causal
model (SCM), which we find conceptually clarifying, and it supplies the notation ®, for each
causal mechanism (structural equation) that we rely on throughout the proofs. We then provide
the following results:

(i) Solvability. We analyse the essential unique solvability (Definition 5) of a system of causal
SDEs with respect to a subset of variables, which is a solvability condition for a subset of
the system, under arbitrary adapted inputs for the remaining variables. We provide two
model classes of particular interest that satisfy these conditions: a class of semimartingale
SDEs that satisfies standard Lipschitz and linear-growth conditions (Assumption 1), and
an additive noise SDE driven by Brownian motion (Assumption 2).

(ii) Marginalisation. We define the marginalisation of a system of causal SDEs on a subset of
the variables (Definition 6) that is causally consistent with the original model, and show



that essential unique solvability is preserved under this operation (Theorem 5).

(iii) Markov properties. Following the acyclification strategy of Forré and Mooij (2017); Bongers
et al. (2021); Forré and Mooij (2025), we prove the o-separation Markov property in the
causal graph G(D) for certain essentially uniquely solvable systems (Theorem 6). For
the class of additive-noise SDEs, we strengthen this to the d-separation Markov property
(Theorem 11).

(iv) Do-calculus. We establish the three rules of the do-calculus in terms of o-separation in the
causal graph for essentially uniquely solvable systems (Theorem 12). As a consequence,
the absence of a directed path implies the absence of a causal effect, giving the graph a
clear causal interpretation (Theorem 13).

(v) Time-splitting and subsampling. We introduce time-split systems of causal SDEs, which
separately model the causal relations between processes on disjoint subintervals (Defini-
tion 8), and as a special case the subsampled system that marginalises the time-split system
onto a set of time-point measurements (Definition 9). We transfer the o- and d-separation
Markov properties and the do-calculus to them, which formalises continuous-time Granger
non-causality (Granger, 1969) and local independence (Schweder, 1970; Didelez, 2008;
Mogensen and Hansen, 2020), and yields a Markov property for local independence.

(vi) Causal discovery. We give a proof-of-concept application of the cyclic constraint-based
discovery algorithms FCI (Spirtes et al., 1999; Mooij and Claassen, 2020) and CCI (Strobl,
2019) to SDEs, relying on a conditional independence oracle.

All results are illustrated on a single running example, introduced in the following section.
Proofs are given in the appendix.

1.2 Example: the repressilator

To make the exposition more concrete, we examine a biological system that has been extensively
studied and lends itself naturally to a stochastic modelling perspective. Gene regulatory networks
are a prototypical example: they consist of interacting components whose dynamics are driven
both by feedback loops and by random fluctuations at the molecular level. Among such systems,
the repressilator (Elowitz and Leibler, 2000) has become a canonical case study. It illustrates
how cyclic interactions, noise, and causal mechanisms interact in a way that is both biologically
relevant and mathematically tractable. We use this system as a running example of a system of
SDEs that are causal, which means that the variable on the left-hand side of the equation is
directly caused by those on the right-hand side of the equation.

Example 1 (Repressilator). The repressilator is an oscillator of gene expressions in the E. coli
bacteria, specifically of the genes lacl, tetR, cl and GFP. Ezxtending the original ODE model of
FElowitz and Leibler (2000) by adding Brownian noise, the dynamics of the mRNA abundance
M; and protein values P; for each gene i and its predecessor j for (i,j) € {(lacl, cl), (tetR,
lacl), (cl, tetR), (GFP, tetR)} are given by

dP,(t) = B(M;(t) — P(t))dt + odZ{ (1),

with given exogenous random variables for the initial conditions M;(0) and P;(0), independent
Brownian motions ZM and ZF, and values of o, ag, 3,0 > 0 and Hill coefficient n > 1. Setting
n = 1 gives the well-known Michaelis-Menten kinetics. In this model, protein abundance P;
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inhibits the mRNA M; of protein i, which is required for growth of the protein abundance P;.
The dependence structure is graphically depicted in Figure 1a, where u — v if variable u occurs
in the SDE for variable v. In Definition 2 we will formalise this as a causal graph. A simulated
sample path of the proteins in the cycle is provided in Figure 1.
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(a) Causal graph. (b) Sample trajectories of the proteins Py.r, Pietg and P,j.

Figure 1: The repressilator of the E. coli bacteria, modelled with additive noise.

Experimentation is a cornerstone of the discovery of causal relations: by deliberately
perturbing a system and observing the resulting changes, one can distinguish genuine cause-
effect relationships from mere correlations. In the context of stochastic dynamics, this means
modifying certain components of the governing equations and analysing how the system responds
over time. Importantly, interventions are not only of interest for discovering causal structure,
they also arise naturally in practice, where one aims to steer a system toward a desired state.
Translating this intuition into the language of SDEs, a perfect intervention amounts to altering
or overriding the dynamics of a particular variable by fixing that component to a pre-specified
sample path, without any dependency on the remainder of the system, and without any
side-effects. In the following example, we illustrate this idea by intervening on the repressilator.

Example 2 (Intervening on the repressilator). A typical way of experimenting with gene
requlatory networks is to knock out a particular gene, disabling the production of the protein.
Suppose we knock out the lacl gene, then we obtain the system where we set Mq.r(t) = 0 for all
t. A sample of the resulting process for the proteins is depicted in Figure 2a. We see that tetR
15 not inhibited anymore and thus reaches high activity levels, highly suppressing cl abundance.
Similarly, when exciting the lacl gene, this suppresses tetR, which in turn excites cl levels, as
depicted in Figure 2b.

In the following section, we make systems of causal SDEs and interventions on them (as
demonstrated using the repressilator) mathematically precise, allowing for jumps in the sample
paths, non-Markovianity, and instantaneous dependencies.

2 Systems of causal SDEs

Let (Q, F,P) denote a filtered probability space with filtration F = (F}).cjo,r) for some T' <
00, satisfying the usual conditions: JF is right-continuous and contains all P-null-sets. Let
D([0,T],R™) be the space of functions from [0,7] to R™ that are cadlag (continue a droite,
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(a) Gene ‘lacl’ knocked out. (b) Gene ‘lacI’ excited.

Figure 2: The effects of interventions on the ‘lacl’ gene of the repressilator.

limité & gauche, i.e. right-continuous with left limits).! A stochastic process X : Q x [0,T] — R"
is adapted if X (t) € F; for all t € [0, T, and cadlag if it has cadlag sample paths almost surely,
in which case we can represent it as a process X : Q — D([0,T],R™). Let S([0,T], R™) denote
the class of R"-valued semimartingales, i.e. adapted processes X : Q@ — D([0,T],R") that admit
a decomposition X = A + M with A a process of finite variation and M a local martingale.?
Denoting with P([0, 7], R™) the set of predictable processes on R™, the stochastic (It6) integral
of G w.r.t. H is a mapping

J P[0, T],R™) x S([0,T],R™) — S([0, T],R), (G,H) /0(.) G(s)dH (s), (1)

where fot G(s)dH(s) =>_", f(f Gi(s)dH;(s) (Protter, 2005, Chapter IV, Theorem 15).

We call a Borel-measurable function f :[0,7] x D([0,T],R™) — R" cadlag if t — f(t,x) €
D([0,T],R™) for all z € D([0,T],R™), adapted if f(t,x) = f(t,2") for all z € D([0,T], R™)
and t € [0, T], where 2 (s) := z(s At). If the process X is cadlag and adapted and the function
f is measurable, cadlag and adapted, then the processes f(¢,X) and f(t—, X) := limgy f(s, X)
are adapted, and the process f(t—, X) is predictable (Przybylowicz et al., 2024, Lemma 2.2).

Definition 1 (System of causal SDEs). Given a filtered probability space (2, F,P) satisfying
the usual conditions, a system of causal stochastic differential equations (SDEs) is a tuple
D= (V,W, Xw, f,g,h) with V' and W finite disjoint index sets, for each w € W a stochastic
process X, € S([0,7],R) with the family (X, )wew mutually independent, and for each v € V'
a causal SDE

t
Xo(t) = folt, Xaw)) —|—/ Go(5—, Xu, Xgw))dhy(s, X)) forall t € (0,77, (2)
0

with given sets a(v) C VUW, B(v) C (VUW)\{v} and y(v) € W, and for some m, € NU{0},

!Throughout, we equip D([0, 7], R"™) with the J; topology (Skorokhod, 1956) and the Borel o-algebra, making
it a standard Borel space. We make no distinction between D([0,T],R)™ and D([0,T],R™) since they are
measurably isomorphic. The product topology on D([0,T],R)™ is strictly weaker than the Skorokhod topology
on D([0,T],R™) (Jacod and Shiryaev, 2003, Section VI.1b), but this does not cause problems: the only continuity
conditions are imposed in Assumptions 1 and 2 via Theorem 2, which are insensitive to this distinction.

2Note that S([0,T],R") = S([0, T],R)™.



measurable, cadlag and adapted functions

fo :10,T) % D([O,T],RW(U)‘) SR
gv 1 [0,T] x D([0, T], RIFOIFL) 5 grmo
hv : [O,T] X D([O,T],Rh(v”) —y R

such that h,(t, X)) € S([0, T],R™).

A solution (commonly referred to as a strong solution) of a system of SDEs D is an adapted
process Xy : 2 — D([0,T],RV1) such that for each v € V the equation (2) holds P-a.s. The
qualifier “causal” reflects that, like structural equations in SCMs (Pearl, 2009), each equation
(2) encodes a causal mechanism rather than an algebraic constraint. Algebraically rewriting the
system of SDEs might give the same solutions, but changes the causal graph and the effects of
interventions (as defined below).

The function f, (¢, Xa(w)) can be used to model the initial value of X, and instantaneous
functional dependencies. For the former, we say that f, models the initial condition if f,(t, X))
is constant in ¢, so that it only describes the initial value X? := f,(0, X, OAl(Ov)). In this case,

equations of the form (2) are often suggestively written as
AdX,(t) = go(t—, Xo, Xpw))dho(t, Xow)  Xu(0) = X7,

hence the name stochastic differential equation. Since h, is typically not differentiable this has
no other meaning than the integral equation. The processes g,(t—, Xy, Xa()) and h,(t, X))
are called integrands and integrators respectively. We call g, Markov if g,(t, X,, Xp@)) =
Gu(t, Xo(t), Xy (1)), and time-invariant if g,(t, Xy, Xgw)) = go(Xo(t), Xpw)(t)). If X @ is a
semimartingale and h,(t, X)) = ho(X5)(t)) and the map = — h,(z) is twice continuously dif-
ferentiable, then h,(t, X, (,)) is also a semimartingale. If the process h,(t, X, (,)) is deterministic,
it is a semimartingale if and only if its path is of finite variation. If the integrator h,(t, Xy()) is
P-almost surely continuous, one obtains the same solutions without taking the left limit in the
integrand.

Definition 1 generalises common definitions of SDEs, by allowing for functional relations
via f,. For specific choices of integrators and integrands, systems of causal SDEs model some
special cases:

i) If hy(s, X)) = s, the ‘stochastic integral” [ g,(s—, Xu, Xg))dhy (s, Xy()) reduces to the
Riemann integral [ g,(s, Xy, Xp@))ds, so Ordinary Differential Equations and Random
Differential Equations are special cases of SDEs. If h, (s, X,(,)) is of finite variation, the
integral [ g,(s—, Xy, Xg())dho(s, X)) reduces to the Stieltjes integral. If g,(s, X,, X))
and hy(s, X)) have no common discontinuities and finite p-variation and g-variation
respectively with p~! + ¢~ > 1, the integral reduces to the Young integral (Lyons et al.,
2007, Section 1.3).

ii) If f, models the initial condition, g, is Markov and h,(-, X)) is a vector of independent
Lévy processes for all v € V| the solution Xy is temporally Markov® (see e.g. Protter,
2005, Chapter V, Theorem 32 for the case that g, is Lipschitz). If additionally g, is
time-invariant, then the solution is temporally strong Markov.

iii) If f, models the initial condition, g, is Markov and h,(t, X)) = (¢, X, ) (t)) where X
is a Brownian motion, any solution X, has continuous and possibly non-differentiable
sample paths. Such an SDE is called an [to diffusion.

3Process X € S is called temporally Markov if P(X;, 4| F;) = P(X¢ys|Xy) for all s,¢ € [0,7] such that
s+t €0,T]; it is temporally strong Markov if this holds for any stopping time .
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iv) If f, models the initial condition, g, is Markov and h,(t, X)) is a jump process (e.g.
a Poisson process), the solution X, can have jumps as well. If h,(t, X, ), Xy0)) =
(t, X ) (1), Xy (1)) with X () and X,,(,) a Brownian motion and a jump process
respectively, such an SDE is called a jump-diffusion.

Given a system of causal SDEs D, we define its causal graph as follows:

Definition 2 (Causal graph). Given a system of causal SDEs D = (V,W, Xy, f, g, h), the
augmented causal graph is the directed graph GT(D) = (V U W, E) where

E:={u—v:veV,uecal) and f, is not constant in X, }
U{u —v:veVue{v}Up(v)and g, is not constant in X, }
U{u—v:ve€V,uec~y(v)and h, is not constant in X, }

The causal graph is the directed mixed graph G(D) = (V, E', L), where L={i <> j:i1# j €
V,(i <k — j) € GT(D) for some k € W} and E’ is the restriction of E to V.

For a subset A of the vertices of a directed mixed graph G, we write pa(A) :={u ¢ A:u —
v in G for some v € A} for the parents of A (excluding A) and Anc(A) :=AU{u:u— - —
v in G for some v € A} for its ancestors (by definition including A), where u ranges over the
vertices of G. Unless another graph is specified the ambient graph is G(D), so in particular
pa(A) C V. We identify each vertex v € V with its associated process X,. We sometimes abuse
notation to write the labels of the random variables for the vertices in the graphs (as in Figure
la) and for graphical separation statements (e.g. in Section 7). For the repressilator, the causal
graph G(D) is depicted in Figure 1a, where the noise processes and initial values are considered
to be exogenous.

In line with Mooij et al. (2013), Hansen and Sokol (2014) and Peters et al. (2020), we define
perfect interventions on systems of causal SDEs as follows.

Definition 3 (Perfect intervention). Given a system of causal SDEs D = (V, W, Xy, f, g, h),
intervention target S C V and intervention value x5 € D([0,T],R)I*l, the perfectly intervened
system of causal SDEs is defined as Dyo(xg=zs) = (V. W, Xw, f°, g°, h°) with for each v € V' the
mechanisms f(t,) := z,(t), g0 :==0 and ho :==0if v € S and f := f,, g5 := ¢, and hJ := h,
otherwise, that is, we have for each v € V' the intervened causal SDE

X,(t) = z,(t) ifveS
Xo(t) = fult, Xaw) + f3 9o(5—, Xoy X)) dho(s, Xo))  ifv €V\S.

If one wants to model interventions on parameters that determine the dynamics of other
variables, those parameters should be modelled as an endogenous process, which can be intervened
upon.

Mathematically ‘intervening’ on a system of causal SDEs should be done with caution: it
may not always reflect a realistic action. Suppose we can precisely determine the inflow and the
outflow of atoms in the repressilator. Intervening on both inflow and outflow simultaneously
could lead to physical contradictions (as the number of atoms is a conserved quantity in
chemical reactions), so the mathematical intervention may have no realistic counterpart, and
only interventions on a subset of the variables, for a subset of intervention values, may have a
realistic interpretation.

2.1 Pathwise interpretation of systems of causal SDEs

The integrals in Definitions 1 and 3 are interpreted as It integrals as given by (1), defining
each X, as a random variable on the underlying probability space (2, F,P). This ‘direct’
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dependence on w of all variables conceals an independence structure that is convenient for
causal inference. The pathwise stochastic integral of Karandikar (1995) — improved upon
by Przybylowicz et al. (2024) — makes this independence structure explicit by replacing the
w-dependent stochastic integral with an explicit functional dependence between sample paths.
In particular, Przybylowicz et al. (2024) (Appendix A, Corollary A.1) provides an adapted
measurable map

U D([0, T],R™) x D([0,T],R™) — D([0,T],R),

with the property that for every cadlag adapted process G and every semimartingale H &€
S([0,T],R™), the process W(G, H) is a cadlag version of the It6 integral [; G(s—)dH(s). This
allows for a pathwise expression of the SDE, where all endogenous variables only depend on w
though the exogenous variables, and not directly.

Definition 4 (Pathwise interpretation of systems of causal SDEs). Given a system of causal
SDEs D, for each variable v € V' the SDE for X, can be represented by the equation

XU = CI)U<XU, Xa(v), Xﬂ(v), X’y(v)) P-a.s.
where for all ¢ € [0,T7,

Dy (Ty, Tav), Tw): Tyw)) (1) = fo(t, Tagw)) + P (Gu( Tos Taw))s Tw (- Ty(w))) (2)-

For O C V,zy € D([0,T],R)V! and 2y € D([0, T], R)W! write

(I)O(l’v, xW) = ((I)v ($v> To(v)s TB(v)s xv(v)))veO'

Although not strictly necessary for our purposes, this functional interpretation may guide
conceptual understanding of how interventions propagate through the system, and it provides
a notation ®, for each SDE that is useful in the proofs. The pathwise SDE formulation also
clarifies why the processes X,y and X, are allowed to be endogenous (and hence intervenable),
and the integrator processes X, () are required to be exogenous (and hence non-intervenable).
Namely, the map W correctly represents the stochastic integral for all adapted measurable cadlag
integrand processes (so in particular also for all deterministic cadlag values of the integrand),
but it requires the integrator to be a semimartingale, and not every deterministic cadlag sample
path is a semimartingale — this only holds when the path is of finite variation.

Under this pathwise reading, a system of causal SDEs is itself a (possibly cyclic) Struc-
tural Causal Model (SCM) (Pearl, 2009; Bongers et al., 2021) on path space, i.e. a tu-
ple (V,W, Xy, Xw,®,P(Xw)) where V and W are disjoint finite index sets of endogenous
variables and exogenous variables respectively, the domains Ay = [[..,, D([0,7],R) and
Xw = [Liew D([0,T],R) are products of Skorokhod spaces, the exogenous distribution P(Xy) =
X e P(Xw) is the product of the laws of the exogenous processes, and for each v € V' the
causal mechanism ®, : Xy x Xy — X, yields the structural equation

X, = ®,(Xy, Xw).

Such an SCM on path space is also known as a Dynamic Structural Causal Model (Rubenstein
et al., 2018; Boeken and Mooij, 2024). The causal graph G(D) of Definition 2 is a supergraph
of the graph of the SCM as defined in Bongers et al. (2021), and the perfect intervention on
the system of causal SDEs coincides with the corresponding perfect intervention on the SCM.
The remainder of the paper leverages this pathwise SCM interpretation to prove various results
that exist for SCMs (Markov properties, the do-calculus, constraint-based causal discovery) for
systems of causal SDEs.



3 Solvability of systems of causal SDEs

The primary objects of causal inference are the observational and interventional distributions.
If D has a solution Xy then the observational distribution is the law P(Xy ), and if for S C V
and xg € Xg (write O := V' \ S) the system Dgq(x4=zs) has solution X¢ then the interventional
distribution is the law of X, denoted by P(Xo |do(Xg = xg)). However, these distributions are
not always well-defined. To resolve this, Bongers et al. (2021) introduced for (possibly cyclic)
SCMs solvability requirements such that the observational distribution and all interventional
distributions are well-defined. However, these solvability requirements are too strong for our
purposes, and not necessary to derive useful results. Instead, we consider the following solvability
property of systems of causal SDEs.

Definition 5 (Essential unique solvability). Let O C V and write S := V \ O. The system of
causal SDEs D is essentially uniquely solvable w.r.t. O if there exists a measurable adapted
function 119 : Xg x Xy — Xo such that for every measurable adapted function pg : Xy — Xg
the following two conditions hold:

e I is a.s. a fixed point of the system of causal SDEs: we have P(Xy,)-almost surely
Ips(Xw), Xw) = @0 (I'Nes(Xw), Xw), os(Xw), Xw); (3)

e 719 is an a.s. unique fixed point, i.e., for every measurable adapted function o : Xy — Xp
satisfying vo(Xw) = ®o(vo(Xw), ¢s(Xw), Xw) P(Xw)-a.s., we have P(Xyy)-a.s.

vo(Xw) = I'Nps(Xw), Xw).

We refer to such a function I as a solution function (w.r.t. O).

A solution function may be constant on a large part of its domain: whenever D is essentially
uniquely solvable w.r.t. O, one can choose a solution function ¢! (Zpa0), zw) that depends on
Xg (with S := V' \ O) only through the endogenous parents pa(O) of O (Lemma B.2).

This notion of essential unique solvability differs from the notion of Bongers et al. (2021). We
require existence of the fixed point outside of a null set that may depend on the input process
vgs, and our uniqueness condition holds outside of a null set that may depend on the alternative
solution ¢o. In Bongers et al. (2021), existence and uniqueness must hold simultaneously on a
single, uniform null set, that only depends on ®, and not on ¢g and ¢o. In this regard our
notion of solvability is weaker, and this weakening is suitable for obtaining solution functions
for a certain class of systems of causal SDEs, as shown in Section 3.1 (Theorem 2).* Due to this
weakening, we cannot rely on existing results for simple SCMs (uniqueness of interventional
distributions, Markov property, do-calculus) but we prove these results from scratch.

First, we indeed have that essential unique solvability allows for clear expressions of the
observational and interventional distributions.

Theorem 1. Let D be a system of causal SDEs. If D is essentially uniquely solvable w.r.t. V
with solution function IV) : Xy — Xy, then the observational distribution of D is unique and
satisfies

P(Xy) = P(IM(Xw)).

If L,O,S CV partition V and D s essentially uniquely solvable w.r.t. O C 'V with solution
function 101 Xy x X X Xy — Xo, then for any x5 € Xs the intervened system Dao(xg=ag) 1S

4Note that Boeken and Mooij (2024) overlooked this nuance and assumed that the SDEs satisfy the solvability
requirements of Bongers et al. (2021).



essentially uniquely solvable w.r.t. O with solution function I'9(zg,-,-) : X x Xy — Xo. If
L =0, the interventional distribution satisfies

P(Xo|do(Xs = z5)) = P(I1%Yzs, Xw)),
is unique, and g — P(Xo |do(Xg = xg)) is a Markov kernel.
Example 3. Consider a linearised version of the repressilator with dynamical model
dM;(t) = (v — M;(t) — AP;(t)) dt + odZM (t)
dPi(t) = B(Mi(t) — P,(t))dt + 0dZ]"(t)

for each gene and its predecessor (i,7) € {(lacl, cl), (tetR, lacl), (cl, tetR), (GFP, tetR)}.
This system is for example essentially uniquely solvable with respect to M, for each i, with
solution function

)

t t
TP (MO Py ZMY (1) = MPe™ + / e 7 (y = AP(s))ds + o / e~ =9dazM (s),
0 0

with the integrals interpreted as pathwise maps V. This solution function determines the causal
effect of the endogenous parent variable P; on M;: for any intervention path xp, € Xp, the
interventional distribution is written as P(Xy, |do(Xp, = zp,)) = PUMI(M?, zp,, ZM)).

3.1 Sufficient conditions for solvability

We provide two classes of systems of causal SDEs that are essentially uniquely solvable with
respect to every O C V. Given a measurable map g : [0, 7] x D([0,T],R*) x D([0,T],R") —
D([0,T],R™) consider the conditions that there exists a measurable cadlag K : [0,7] x
D([0,T],R*) — (0, 00) such that for all x,z, 7, € D([0,T],R¥), y € D([0,T],R"), t € [0, T,

lg(t, z,y)|| < K(t,y)(1+ Sup. lz(s)]]), (4)

lg(t 21, y) = g(t 22, y)ll < Kt y) sup flza(s) — 22(s)ll (5)

We refer to (4) and (5) respectively as the linear-growth and Lipschitz conditions on g in = given
y. These conditions can be verified component-wise, as shown in Lemma B.1 in the appendix.
Under these conditions, Przybylowicz et al. (2024) (see also Appendix A, Theorem A.1) prove
the existence of a measurable, adapted solution function.” Translated to systems of causal SDEs,
their result implies the following.

Theorem 2. Let D be a system of causal SDEs and let O C V. If for every v € O we
have a(v) N O = 0 and the integrand g, satisfies the linear-growth and Lipschitz conditions in
(Xo, Xpwyno) given Xgwpno, then D is essentially uniquely solvable w.r.t. O.

For simplicity, this sufficient condition assumes that there are no functional relations between
the variables in O. To obtain essential unique solvability, we apply Theorem 2 separately to each
strongly connected component (SCC) of G(D) (subsets whose every two vertices are connected
by a directed path) and compose the resulting solution functions along the topological order
of SCCs; essential unique solvability w.r.t. each SCC of G(D) then lifts to essential unique
solvability w.r.t. V' (Lemma B.3 in the appendix). However, this does not imply essential unique
solvability with respect to every subset O' C V. The following assumption allows for this
construction.

SFor SDEs driven by Brownian motion, similar results have been shown by Yamada and Watanabe (1971)
and Kallenberg (1996), and for general semimartingale SDEs this has been shown by Karandikar (1995), whose
solution function was proven to be measurable with respect to Borel sets generated by a (non-Polish) topology
that is strictly stronger than the Skorokhod topology.
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Assumption 1. Consider a system of causal SDEs D = (V,W, Xw, f,g,h) such that
(1) for every SCC'S of G(D) and everyv € S, a(v) NS =10, and

(ii) for everyv € V| writing S, for the SCC of G(D) containing v, g, satisfies the linear-growth
and Lipschitz conditions in (X,, Xgwns,) given Xgwps, -

This assumption is closed under perfect interventions, so we obtain the following result.

Theorem 3. If a system of causal SDEs D satisfies Assumption 1, then it is essentially uniquely
solvable w.r.t. every subset O C'V.

For the d-separation Markov property (in Section 5.2 below) we will need a more restricted
model class:

Assumption 2. Consider the additive-noise causal SDE

t t
Xy (t) :Xg+/ u(s,XV(s))ds+/ xdX,(s), (6)

0 0
for the endogenous index set V' with |V| =: d and exogenous index sets W = a U~y with o,y
disjoint such that |a| = |y| = d, with v — a(v) a bijection of V onto o, where X2 is a vector

of mutually independent exogenous random variables satisfying E[|| X2||?] < oo, and X, is a
d-dimensional standard Brownian motion with independent components, independent of X?.
The drift ju: [0, T] x RT — R has t — u(t, 2y (t)) continuous in t and satisfies the linear-growth
and Lipschitz conditions in xv, and ¥ € R¥9 s an invertible matriz.

Theorem 4. If a system of causal SDEs D satisfies Assumption 2, then it satisfies Assumption 1.

We now show that the repressilator satisfies Assumption 2.

Example 4 (Repressilator is essentially uniquely solvable). We may write the repressilator in
vector form as
dX(t) = u(X(t))dt + odZ(t)

with drift

g T @0 — Miger Miger Ziner

B(Mlacl - Plac]) Bacl Zl];cl
m +ag — Mir Mierr Zt]gsR

B(MtetR - PtetR) PtetR Zt tR

w(X) = , X = and 7 = 5%

TP 00~ Mo Mer 2

/B(MCI - PCI) PCI ZCI
—5—m + oo — Mgrp Mgrp Zep

1+|PtetR| P

B(Marp — Parp) Parp ZGrp

We verify the linear-growth and Lipschitz conditions on u componentwise. For each M; component
fie. rows 1, 3, 5, 7) we have | g + a0 — My| < max{a +ao, 111+ [(By(1), M), s

it satisfies the linear-growth condition in (P;, M;), and the function p — has szschztz

1+\ I
constant upper bounded by an, so one readily verifies that the component is \/_max{om, 1}-
Lipschitz in (P;, M;). Each P; component is linear in (M;, P;) and so satisfies both the linear-
growth condition and the Lipschitz condition in (M;, P;). Hence p satisfies the linear-growth
and Lipschitz conditions jointly. Moreover, the diffusion matriz ¥ = olg is invertible, with
inverse o 1g. If the initial condition X° is a vector of mutually independent variables with
E[|| X°||?] < oo, independent of the driving Brownian motion Z, then the repressilator satisfies
Assumption 2, and by Theorems 3 and 4 it is essentially uniquely solvable w.r.t. every O C V.
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4 Marginalisation

When a subset L. C V' of variables is not of direct interest or unobserved, one may want to
reason about D on O := V' \ L. The marginalisation of a system of causal SDEs substitutes a
solution function for L into the SDE coefficients for V' \ L.

Definition 6 (Marginalisation). Let L C V and let D = (V, W, Xy, f, g, h) be a system of causal
SDEs that is essentially uniquely solvable w.r.t. L C V with solution function I : Xy x Xy —

Xy, writing O := V'\ L. The marginalised system of causal SDEs Dyarg(r) := (O, W, Xw, f, g, B)
has for each v € O an SDE of the form (2) given by the following parameters:

fv(ta zo, xW) = fv (ta Ta(v)NO; [LL(r]U)ﬁL<',L‘O7 $W)a xa(v)ﬁW)>

gv(8_7 Ty, L0, xW) = Gv (8_7 Ty, TB()NO) Ié[(/l)mL(xO7 xW)a $B(U)OW)>
ﬁv(s,xw) = h, (s,xw(v)).

Since adapted solution functions ¥ are not unique, the marginalised system Dyarg(r) 18
itself not unique. The induced distributions are nonetheless unambiguous: whenever D is
essentially uniquely solvable w.r.t. L and V, the observational distributions on O := V '\
L coincide, Pp(Xo) = Pp,_ . (Xo0); and more generally, for O’ C O with S := O\ O/,
whenever D is essentially uniquely solvable w.r.t. L and L U O’, the interventional distributions
coincide, Pp(Xor |do(Xs)) =Pp, ., (Xor|do(Xs)) (Lemma C.1). Marginalisation is therefore
a powerful notion of abstraction: (causal) inference on the observed part of a system remains
valid in the underlying system. It is moreover compatible with itself and with intervention:
sequentially marginalising over two disjoint subsets Ly, Ly C V' yields the same observational
and interventional distributions regardless of the order (Lemma C.2), and marginalisation
commutes with intervention (Lemma C.3). These results rest on the following closure property:
marginalising over L preserves essential unique solvability, in that solvability of D w.r.t. L and
L U O’ transfers to solvability of Dyarg(ry w.r.t. O’

Theorem 5. Let D be a system of causal SDEs, and let L,O C 'V be disjoint. If D is essentially
uniquely solvable w.r.t. L and w.r.t. LU O, then the marginalised system Diarg(r) 1S essentially
uniquely solvable w.r.t. O. Moreover, for any solution function IO of D w.r.t. LU O, its
restriction I[OLUO] is a solution function of Dyarg(r) w.r.t. O.

Any system of causal SDEs satisfying Assumption 1 or Assumption 2 is essentially uniquely
solvable w.r.t. every O C V (Theorems 3 and 4). By Theorem 5, any such system there-
fore remains essentially uniquely solvable w.r.t. every set of endogenous variables after any
marginalisation.

5 Graphical Markov properties

A cornerstone of reasoning with causal graphs is the Markov property: that a d-separation or
o-separation in the graph implies a conditional independence in the distribution. The Markov
property is the foundation of the do-calculus and constraint-based causal discovery algorithms,
as will be treated in Sections 6 and 8.1.

Formally, a walk 7 in a DMG G = (V, E, L), is d-blocked by C' C V' if it has an end-point or a
non-collider in C', or if there is a collider which is not in Anc(C'). For sets of nodes A, B,C C V|
we call A and B d-separated given C', written AJ_?;B | C, if all walks between A and B are
d-blocked by C'. The d-separation Markov property then means that for all A, B,C CV, we
have the implication

d
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This is known to hold for acyclic SCMs, as well as for certain cyclic SCMs: if all variables are
discrete and the SCM is ancestrally uniquely solvable (Pearl and Dechter, 1996; Neal, 2000;
Forré and Mooij, 2017), or if the structural equations are linear and depend on an exogenous
variable whose distribution has a density with respect to Lebesgue measure (Spirtes, 1994; Forré
and Mooij, 2017), see also Bongers et al. (2021). In the next section, we will see that a class of
cyclic additive-noise SDEs can be added to this list.

It is known that there are cyclic SCMs for which the d-separation Markov property does not
hold, for example for certain nonlinear cyclic SCMs with Gaussian noise (Spirtes, 1994, 1995).
A more suitable separation criterion for cyclic SCMs is the following notion of o-separation
(Forré and Mooij, 2017; Bongers et al., 2021; Forré and Mooij, 2025). Given a DMG G = (V, E),
a set of nodes C' C V and a walk 7w in DMG G-

e a non-collider v is called blockable if it points towards a neighbouring node on the walk
that is not in the same strongly connected component as v,

e the walk 7 is called o-blocked by C' if it has an end-point or a blockable non-collider in C,
or if there is a collider on 7 that is not in Anc(C').

For sets of nodes A, B,C' C V', we call A and B o-separated given C, written A L7, B|C), if all
walks between A and B are o-blocked by C'. For general DMGs, o-separation implies d-separation,
and for acyclic DMGs the two notions coincide (since every non-collider is automatically
blockable). Self-loops v — v do not affect d- or o-separations (Theorem D.1); we may therefore
ignore them when reading off separations.

5.1 A co-separation Markov property for systems of causal SDEs

The o-separation Markov property was established for simple SCMs by Forré and Mooij (2017);
Bongers et al. (2021); Forré and Mooij (2025). Here we extend this result to systems of causal
SDEs that are essentially uniquely solvable w.r.t. every SCC of G(D), following the same proof
strategy: we construct an acyclification by replacing each SCC’s SDE with its solution function,
show that this acyclified system is observationally equivalent to the original and has a graph
that is a subgraph of any graphical acyclification, and then invoke the d-separation Markov
property for acyclic SCMs (Bongers et al., 2021, Theorem 6.3). The full proof is given in the
appendix.

Theorem 6. Let D be a system of causal SDFEs that is essentially uniquely solvable w.r.t. every
SCC of G(D). For all A,B,C CV UW we have

A 1 B|C = X4l Xp|Xc. (7)
G*+(D)

For sets A, B,C C V restricted to endogenous variables, this implies the o-separation
Markov property in the (non-augmented) causal graph G(D), via the correspondence between
o-separation in G(D) and G (D). We call D o-faithful if the reverse implication of (7) holds;
this need not hold in general.

Example 5 (Graphical separation in the repressilator). Consider the cyclic graph in Figure
la. In this graph we have the d-separation Pi.p 14 Pietr | Mietr, Miger, but a o-connection
Pracr X% Pietr | Mierr, Miger: on the walk Piaer — Myeir — Pietr the non-collider Myer points to
Pyetr, which lies in the same strongly connected component { Myaer, Puacry, Mietr, Pretrs Mer, Per}s
50 Myeir 18 not blockable and conditioning on it does not block the walk. Similarly, we have a
o-connection Py L7 Porp | Mietr, Miaer, and we have a o-separation Paer 17 Popp | Pietr-

For essentially uniquely solvable cyclic systems of causal SDEs the o-separation Markov
property holds (Theorem 6), but the question remains: can this be strengthened to a d-separation
Markov property? Do we have a conditional independence Paer 1L Pietr | Mietr, Miger ¢

13



5.2 A d-separation Markov property for additive-noise SDEs

In this section we will show that the d-separation Markov property holds for (possibly cyclic)
additive noise SDEs satisfying Assumption 2. Our proof technique relies on a time-discretised
process for which the d-separation Markov property holds by acyclicity. By showing that the law
of the discretised process — suitably embedded in the Skorokhod space D([0, T],R?) — converges
in total variation to the law of the original process as a probability measure on D([0, 7], R?),
conditional independence in the time-discretised process implies a conditional independence in
the solution of the original process.

We consider the following discrete-time Euler-Maruyama-type scheme, with initial value
X2(0) = X0 and

X (tern) = X9 (1) 4 e, X9 (1)) (rpr — t) + 2(X (te1) — X, (1)
with t, := Tk/n, n € N, k = 0,...,n and independent increment processes XLt’“’t’““} =
X, — X, (t) considered as a random variable in D([tg, tx11], R?). This induces a discrete-time
Euler SCM M5 with endogenous variables X2(ty), ..., X2(t,) for all v € V and exogenous
independent variables X? for all w € o and x0 ’tl], s Xlm=rtnd for all w e v (Hansen and Sokol,
2014). We refer to the graph G(M35) of M5 as the Euler graph, see Example 6 below. In
contrast, we call the causal graph G(D) the summary graph, since each of its vertices represents
an entire process X, on [0, 7] rather than the individual time-points X2 (¢;) as displayed by the
Euler graph (or the subinterval processes of the time-split graph in Section 7). An important
observation is that the Euler graph is acyclic, so the Euler SCM satisfies the d-separation Markov
property.

The following lemma relates the causal graph to the Euler graph. It is an adaptation of
Ferreira and Assaad (2024), who consider discrete-time stochastic processes with a corresponding
summary graph.

Lemma 7. Let D be the SDE from Assumption 2 and let M5 be the Euler SCM (for any
n € N), then for A, B,C C V we have

d d
X4 L XplXe = X2 1 X2 |XA — X211 X2|XA
AG(D) B| C AG(M%) B| C A B| C

where we write X5 1= (X4 (o), ..., X5 (t0)).

Example 6 (Euler graph of repressilator). Considering only the variables Py, Myeir, Pretr and
Miacr of the repressilator, the causal graph of the marginalised SDE D' := Diarg(M.;,Por, Marp,Porp)
15 given in Figure 3a, from which we read off the d-separation P,.r 14 Pietr | Mietry, Miger- The
Euler graph is depicted in Figure 3b, where we observe that Ph., 19 PA g | M2z, MA.,. For
example, the displayed paths from PA,(to) to Poy(ts) and from PSs(ts) to P, (ty) are

blocked by M5, 5(t1) and MA.;(t3) respectively. Since this discrete-time SCM is acyclic, we have
Plﬁc[ AL Pt@tR ’ Mt%tR’ Ml%c['

It follows from Lemma 7 that the d-separation Markov property holds for any discrete-time
SCM which does not have instantaneous cycles, similar to results shown by Ferreira and Assaad
(2024), Niemiro (2024) and Reiter et al. (2024).

To obtain a d-separation Markov property for the SDE, we aim to deduce the conditional
independence X4 Il Xp | X¢ from the conditional independence X4 1L X4 | X&. To do so, we
first extend the discrete-time process X& to a continuous-time process X, for which we show
that X7 1L X2 | X% holds as well. Finally, we show that the distribution P(X7{}) converges in
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Mlacl MtetRD Mt%tR : : \ :
PA . . . .
PtetR tetR
lacl
(a) The causal graph G(D'). (b) The Euler graph G(M35,).

Figure 3: The marginalisation of the repressilator onto { Pucr, Mietr, Pretry Miaer }, showcasing
that Plac[ J—d PtetR ‘ MtetRa Mlacl anhes Plﬁc[ J—d Pt@tR ‘ Mt%tRa Mlﬁc[-

total variation to P(Xy ), which by Lauritzen (2024) implies the desired conditional independence
Xal Xp| Xe.

Obtaining total variation convergence of the law of the Euler scheme to the law of the
solution of the SDE is not straightforward. For example, if we extend X& to continuous time by
setting X"(t) := X2(t,) for t € [t, tgs1), then P(X2) will never converge in total variation to
the law of the SDE since the set of continuous paths is a Borel measurable set in the Skorokhod
space, giving total variation distance dry (X5, X%) = 1. To mitigate this problem we consider
for t € [tg, tr+1) the continuously interpolated Euler scheme

XU (t) = XU (te) + plte, X0 (t))(t — t) + X(X, () — X, (t). (8)

This Euler approximation has the same noise structure as the original SDE, which ensures
that the processes both have a density with respect to a (transformed) Wiener measure on
D([0,T],R?) via Girsanov’s theorem. Convergence of the density of P(X?) to the density of
P(Xy) finally implies the desired total variation convergence, via Scheffé’s Theorem (Scheffé,
1947).

Having introduced a suitable continuous-time extension of the Euler scheme, we show that
it inherits the conditional independencies implied by d-separation in the causal graph G(D).
The proof is in the appendix, but relies on the insight that one can write X, as a function
of X2 and a vector Xy of Brownian bridges, with X2 1. Xy (Lemma D.2). By Lemma 7
and the d-separation Markov property we have X4 1L X2 | X2, and by Lemma D.3 we have
X, Xp | X¢. Combining these conditional independencies then gives the following result:

Theorem 8. For all A, B,C C 'V, the continuous Euler scheme satisfies

d
X, 1 XplX XA X2 XA,
AG(D) B| Xe = X} Bl Xé

The following result gives the desired total variation convergence of the Euler scheme.

Theorem 9. Let D satisfy Assumption 2, then there is a subsequence n,, such that P(X{™)
converges in total variation to P(Xy ).

Finally, the conditional independence X7 1L X7 | X implies the desired conditional inde-
pendence X4 AL Xp| X¢ by the following result.

Theorem 10 (Lauritzen (2024)). Given a sequence of random wvariables (X7, X3, X&) nen
such that X% 1L X} | X% for all n € N and given a random variable (Xa, Xp, X¢) such that
P(X7%, X7, X2) converges in total variation to P(Xa, Xp, X¢), we have X4 1L Xp | Xc.
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We now state the main result of this section, that the additive-noise SDE satisfies the
d-separation Markov property.

Theorem 11. Let the system of causal SDFEs D satisfy Assumption 2. Then for all A, B,C CV,
d
X4 L XB|XC — XAJ.LXBlXc.
G(D)

Proof. Let A J_é(D) B | C, then by Theorem 8 the continuous Euler scheme satisfies X7} 1L X7 | X&.

By Theorem 9 there is a subsequence n,, such that P(X7"; ) B P(X a.5.c). By Theorem 10
this implies X4 1L Xp| Xc. O

Theorem 11 holds for A, B,C C V, so for conditional independencies between endogenous
variables. While Theorem 8 (and the underlying lemmas) extend to A, B,C' C V UW on the
augmented causal graph G* (D), the total variation convergence of Theorem 9 does not extend
to the joint law of endogenous and exogenous variables, since the measures P(X{}, Xy/) and
P(Xy, Xy ) are mutually singular and hence have total variation distance 1. Hence Theorem 11
is not straightforwardly extended to the augmented graph. For conditional independencies
involving exogenous variables, the g-separation Markov property (Theorem 6) still applies.

Example 7 (d-separation Markov property). By Theorem 11, the system of causal SDEs
satisfies the d-separation Markov property, so the d-separation Pi.r 14 Pietr | Mierr, Miger in the
graph from Example 5 implies Pcr 1L Pietr | Mierr, Miaer -

6 Do-calculus

A question central to causal inference is whether a causal effect (an interventional distribution)
can be identified from the observational distribution. When the underlying causal graph is
known, such questions can be answered by the rules of do-calculus. We employ a formulation
that uses the notion of a causal graph with intervention variables (Spirtes et al., 1993; Pearl,
1993; Forré and Mooij, 2020; Dawid, 2021), that is equivalent to the well-known formulation of
the do-calculus in terms of mutilated graphs (Pearl, 1995, 2009).

Definition 7 (Graph with intervention variables). Given a DMG G = (V, E, L) and intervention
target S C V, let Ggo(rg) be the graph GG appended with the vertex R, and edge R, — v for
each v € S.

More details on systems of causal SDEs with intervention variables are given in the appendix
(cf. Definition E.1). The following formulation is inspired by Forré and Mooij (2025), Theorem
5.1.2. In the main text we only focus on the graphical aspect of the intervention variables, as
this is sufficient for formulating the do-calculus.

Theorem 12. Let D be a system of causal SDFEs that is essentially uniquely solvable w.r.t.
every O CV, and let A, B,C CV be pairwise disjoint. Then:

1. Insertion/deletion of observation. If A L¢p) B|C, then

]P)(XAlXB,Xc) :IP)(XA|X0) ]P)(XB,Xc)—CL.S.

2. Action/observation exchange. If A J_"G(D)dO(RB) Rp|BUC and P(X¢ | Xp = 2p) < P(X¢ |
do(Xp = zg)) for P(Xp)-a.a. g, then

]P(XA|CIO<XB),X0> :P(XA|XB,X0> IP(XB,Xc)—CL.S.
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3. Insertion/deletion of action. If AJ-E(D)dO(RB) Rg | C, then for every xp € Xp such that
P(Xc) < P(Xc | dO(XB = LL’B)>,

]P)(XA | dO(XB = IB), Xc) = ]P(XA | Xc) P(Xc)—a.s.

In particular, any system of causal SDEs satisfying Assumption 1 is essentially uniquely
solvable w.r.t. every O C V' (Theorem 3), and hence the o-separation do-calculus applies in the
causal graph G(D).

A d-separation analogue of Theorem 12 does not follow automatically from the d-separation
Markov property for systems of causal SDEs that satisfy Assumption 2: the proof of Theorem 12
for Rules 2 and 3 uses an auxiliary system Doy~ (cf. Definition E.1) for which the required
d-separation Markov property does not automatically follow. We conjecture this d-separation
do-calculus to hold. For acyclic graphs, o-separation and d-separation coincide, so on acyclic
systems the d-separation do-calculus follows trivially from Theorem 12.

We obtain a fundamental consequence of the do-calculus for inferring non-causation in
systems of causal SDEs, and thereby establish a clear causal interpretation of the causal graph.

Theorem 13. Let D be a system of causal SDEs that is essentially uniquely solvable w.r.t.
every O C 'V and let w,v € V. If there is no directed path from w to v in G(D), then
P(X,|do(X,)) = P(X,).

Another consequence of Theorem 12 is that (generalised) adjustment formulae like backdoor
adjustment, and the ID algorithm — which are all derived from the do-calculus — are also valid,
provided the appropriate absolute continuity conditions hold (Pearl, 2009; Forré and Mooij,
2020, 2025).

Similar results have been derived in other frameworks. Rgysland et al. (2024) provide
identifiability criteria for causal effects based on local independence graphs. Gill and Robins
(2001) provide a g-formula for continuous-time processes in the potential outcomes framework,
that Ryalen et al. (2026) partially extend to a g-formula for time-varying treatment regimes
for marked point processes. The do-calculus and subsequent adjustment formulae consider the
identification of certain estimands in terms of observational distributions. We note that the
construction of estimators for such expressions can be highly non-trivial when the variables
take values in function spaces, see e.g. Gill and Robins (2001), Lok (2008) and Rytgaard et al.
(2022).

7 Time-splitting and subsampling

When reasoning about causal dynamical systems, it can be useful to evaluate subprocesses on
distinct time intervals, for example, when analysing how local modifications propagate through
the system. Formally, this requires extending the framework of causal SDEs to time-split
systems, in which the global time interval is partitioned into subintervals, each equipped with
its own structural dynamics while remaining consistent with the overall system.

Example 8 (Time-split repressilator). Suppose that for some t € (0,T) we want to consider
the repressilator on the time points 0,t, T, and the intermediate intervals (0,t) and (t,T). This
can straightforwardly be modelled by considering the variables X0, XY Xt XD XT with

17



dynamics described by the SDFEs

X00(s) = X° + / X0, X0 du + 0 200(s) s€(0,7)
X' = XOD () O

X0 (5) = Xt + / i, XU, XDy 0 2060 () setT)
xT — x 1) (T-) t

where ZON(s) = Z(s) — Z(0) for s € (0,t) and Z®T)(s) = Z(s) — Z(t) for s € (t,T)
are independent exogenous variables. The graph of the time-split system (marginalised onto
Piacry Pietr and Porp for visual clarity, denoted by 'D) 1s shown in Figure 4.

To model the inhibition of P..r during the first half of the process, we can consider the
time-split SDE with t = T/2 and doing the perfect intervention do(My ; = Ml(c?c’? =0). After
releasing the intervention the system returns to its stable behaviour, as depicted in Figure 5.

(y 0 0
Pl[‘?g} Pl(‘)‘d > Pl - ) Placr > Pl(t I) Picz Pl(c)wl > Pler > P
{1 X XU y\x\ K
G Pt[gtg = P, etR > Pt(outz > Plyp > Pt(tt? > P = P wir X Lietr X Pibig
i NN NN N\
Pg)ig Forp> Péﬁl}tl)? > Forp> Pgﬁng > Plpp Perp> Popp> Plrp
V) §) O

Figure 4: The causal graph G(D), the time-split causal graph G(Df) with & =
{{0},(0,1),{t}, (t,T),{T}}, and the subsampled causal graph G(D{**T}) (see Definition 9
below).
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Figure 5: Repressilator with gene ‘lacl” knocked out in the first half of the simulation.

We now formalise this construction as follows. Let & = {Z;,...,Z,,} be a finite partition
of [0, T] into intervals with temporal ordering, i.e., for i < j we have s < t for all s € Z; and
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t € Z;. For cadlag path z € D([0,T],R"), if we let 2% := x|z € D(Z,R") be the restriction
of x to Z and write 2¢ = (27, ..., 27™), then let cat(xf) € D([0,T],R™) be the concatenation
cat(x%)(t) == Y Tz, (t)a™(t) that retrieves x. For consecutive intervals Zy, Zy.41 in &, let

(supZy)— if Zj is right-open,
bi o1 :=

sup Zx if Z;, is right-closed
and b1 = 0 and by, i1 = T If for the cadlag process X(t) = fo gdh and partition
(71, T») of [0,T] we set XT1(t) = [, gdh for all t € Z; and XIQ( ) = XT(b1o) + fbugdh

for all t € 7y, then if X has a jump at the boundary point supZ;, it will be contained in
X71(by 5) when Z; is right-closed and in fbtl , 9dh when 7, is right-open. If for y € D([0,7],R")
we let y71(t) := y(t) € D(Z;,R") and yI’;(t) = y(t) — y(bk—1x) € D(Zy,R™) for k > 2 be
the increment path (not counting jumps at inf Z, if Z, is left-open), then let rec(y®)(t) :=
> 1g, (1) - (X2, y%i (bj j+1) + y™*(t)) be the reconstruction that retrieves y.

Definition 8 (Time-split system of SDEs). Let D = (V, W, Xy, f, g, h) be a system of causal
SDEs on [0,7] and let £ = {Z,,...,Z,,} be a finite partition of [O T with temporal ordering.
The time-split system of SDEs D¢ := (V x EW x & Xwxe, f5, 95, hs) is defined with for each
(w,Zy) € W x £ the exogenous increment process Xi’“ € D(Z;,R) defined as XZ1(t) := X, (t)
for t € 7y and XZk(t) := X, (t) — Xo(br_14) for t € Iy for all k > 2, and for each (v,Z) € V x &
the causal SDE®

XEe(s) = XE1(by_q ) + f5 (S7X§(U)) +/b gok (u— X{v}uﬂ )dh (“vag(v))
k—1,k

for s € 7, with

Fak(s,250) = fo(s, cat(@my ), rec(zlamw)) = folbe1k, cat(z,)qy ), rec(@d iyaw)),
ng( x{v}uﬁ(v)) v ( >Cat(iﬁ{v}u(ﬁ(v)m\/))arec(%(u)mw))a
hE (u, £ ») = hy (u, rec(z WJ))),

P Uy(v

and where we set Xfo(bo;) = f(0, Xﬁv )-

The time-split system is observationally equivalent to the original: concatenating any solution
of D¢ yields a solution of D, and conversely the restrictions of any solution of D form a solution
of D¥; see Lemma F.1. Note however that after intervening on a variable X7 with Z left-open,
the resulting path need not be cadlag. This imposes an additional condition on the notion
of essential unique solvability w.r.t. O C V x &, which is stated in terms of input processes
s : Xw — Xs where S =V x £\ O. Only ¢g should be considered such that for (v,Z) € S
the path ¢(,7) has a left limit at supZ (which is not automatic when Z is right-open), and
if (v,Zy), (v,Zx41) € S, the concatenation of ¢, 7,y and ¢, 7,,,) must be right-continuous at
sup Z,. We refer to such g as admissible. The causal graph G(D¢) has vertex set V x € and
edges (u,Z') — (v,Z) derived exactly as in Definition 2. We note three sources of graphical
sparsity:

v )

with j <k, so there are no edges into (v,Z) from later intervals.

(i) Adaptedness: by adaptedness of f,, g,, hy, the values of fZx g% hZx only depend on X‘%W

(ii) Markovianity: If in the original SDE g, is Markov and f, either models the initial condition
or is Markov then there are no edges from any X with u € V and j<k—1to XZ.

6The pathwise integration map W is stated for stochastic integrals on [0,T], but can be extended to any
interval Z;..
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(iii) Independent increments: if an exogenous process X, has independent increments, then
any two increment processes X and XZr with j # k are independent. Consequently, if
X, depends on an exogenous process X,,, then in the graph G(D¢) there is no bidirected
edge between X5 and XZk hecause of the common cause X,,.

If D satisfies Assumption 1 and its exogenous processes have independent increments, then
by Lemma F.2 in the Appendix, D¢ is essentially uniquely solvable w.r.t. every O C V x &.
By Lemma F.3 in the Appendix, every time-split system of causal SDEs D¢ whose exogenous
processes have independent increments can be embedded as a system of causal SDEs on [0, T,
so the Markov properties (Theorems 6 and 11) and the do-calculus (Theorem 12) apply directly
to D¢, with o- and d-separation read off from the time-split causal graph G(D?).

Theorem 14 (Markov properties for time-split systems of causal SDEs). Let £ be a finite
partition of [0, T| into intervals with temporal ordering, and let D be a system of causal SDEs
whose exogenous processes X, (w € W) have independent increments.

(i) If D satisfies Assumption 1, then D¢ satisfies the o-separation Markov property: for all
A, B, 01, PN Cr Q Vv cmd IA,IB,ICI, ...,ICT g 5,

g
Za Ip Zey Ioy, Za I Iey Zo,
XX b KB IXET o XET = XX IXEN o XE

(ii) If D satisfies Assumption 2, then D¢ satisfies the d-separation Markov property: for all
A, B, Cl, cevy Cr Q V and IA,IB,ICI, ...,ICT g g,

d
Ta Ip Iey I, Ta Ip Iey Ze,
XA G(JD_E)XB ‘Xcl ,...,XCT — XA JI_XB \Xcl ,...,XCT .

Theorem 15 (Do-calculus for time-split systems of causal SDEs). Let D be a system of
causal SDFEs satisfying Assumption 1 whose exogenous processes X, (w € W) have independent
increments, and let € be a finite partition of [0,T] into intervals with temporal ordering. For
A,B,Cy,....C, CV and Ta, I, Tc,, ..., I, C E such that the blocks AT, BTe C{°", ... CFer

are pairwise disjoint in'V x &, write ch = (Xécl, e ,ngr). Then:

1. Tnsertion/deletion of observation. If X3* L&y X 2| Xk, then
P(X | X5, X&) = PG [ XEF) P(XpP, X(F)-as.

2. Action/observation exchange. If X3 L& me) REP | X5P, X5 and P(XE | XEP =

v
do(RBB)

rp) < P(XZE |do(XEP = xp)) for P(X5P)-a.a. xp, then

P(X3* | do(XE"), X&) = P(X3* | X5°, Xc©) P(X", X()-aus.

3. Insertion/deletion of action. If X3 Loy RIP | X2C, then for every tp € X,
do(R5P)

such that P(X2) < P(X[C | do(X 5P = xp)),

P(XA* | do(Xp" = wp), X&) = P(X3* | X&) P(XE)-as.
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Example 9. The summary, time-split, and subsampled causal graphs of the repressilator are
depicted in Figure 4. In the time-split graph, the parents of Pé%)) are {PgFP,Pt%tR,Ptg’g}.
Let Z = (Pt%tR,Ptg’g). Since Plpp is a source with no other outgoing edges, every back-
door path from Pé[)};tl)) to Plnp must enter Pg}t}g via P,p or Pt(etR), so conditioning on Z
blocks all such paths. Moreover, Z contains no descendants of PC(,OFI)J. Assuming the absolute-

continuity conditions of Theorem 15 hold, Rule 3 gives P(Z | do( G%);)) P(Z), and Rule 2 gives

P(Plpp|do (Pg;f},), Z) =P(Plpp| PGOF?;, Z), which combine to yield the backdoor adjustment
formula

P (Pep 10(PS2)) = [ B (Pl | P Phuns PLR) dP(Ps, PR, (9)

Finally, we consider time-split systems where the endogenous variables only consist of
time-points.

Definition 9 (Subsampled system of causal SDEs). Let D be a system of causal SDEs satisfying
Assumption 1 whose exogenous processes have independent increments, so that the time-split
system D¢ is essentially uniquely solvable w.r.t. every O C V x £ by Lemma F.2. Given a set
of time-points S C [0, 7], let £ be a set of intervals such that £ := S U &’ partitions [0,7]. The
subsampled system of causal SDFEs is defined as
S._ (PE
D” = (D )marg(VXS’)’
the marginalisation of the time-split system D¢ onto the time-point components V x S. Since
D¢ is essentially uniquely solvable w.r.t. every O C V x &, Theorem 5 gives that D° is again
essentially uniquely solvable w.r.t. every O’ CV x S.

Example 10. From the Markov property in the summary graph (Figure /) we infer that

Pl[(?j] JI_P([]?;; Pt[ot? If we consider the subsampled time-series, however, we might have

0.t,T 0,t,T 0,t,T
Plfzc[ J P({;FP }’]Dt{etR v

Analysis of the information loss of the subsampling operation could be particularly interesting
in the light of (im)possibility results for inferring features of D from the subsampled system. In
particular, inferences from subsampled time series need not represent features of the underlying
continuous-time system. For example, conditional independence relations which hold in D
might not hold in D%, as portrayed in the example above; see also Aalen et al. (2016), who
show a similar phenomenon for local independence graphs. Another example is that of perfect
adaptation: if A — B but B perfectly adapts between two sampling points, no edge from A to
B is present in the graph of the subsampled system (Blom and Mooij, 2023; Weinberger, 2026).

7.1 Granger causality in time-split systems

Having a time-splitting operation at our disposal, we can consider predicting future values of a
process from past values of the same and other processes. For discrete-time stochastic processes,
Granger (1969, 1980) called A a cause of B if, given the history of all other variables, the
history of A contains useful information for predicting B. Florens and Fougere (1996) extended
this notion to continuous time. We adopt the following slightly more flexible variant, allowing
arbitrary conditioning sets:

Definition 10 (Global Granger non-causation). Let A, B,C' C V. We say that X4 does not
globally Granger cause Xp given X¢ if

X xgy

O forall 0 < s <t <T,

equivalently, X 1 X7 X0 for all 0 < s < T.
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The classical notion of X4 does not (globally) Granger-cause Xp is recovered as the special
case C' =V \ A. If D satisfies Assumption 1, global Granger non-causation can be read off from
the time-split causal graph via the o-separation Markov property:

X x e x D = x DT Xt X9

G(DU0S) (5. T1})

When D additionally satisfies Assumption 2, the same conclusion follows from the stronger
d-separation Markov property in the time-split graph (Theorem 14(ii)).
The following result relates Granger causation to causation in G(D).

Theorem 16. Let D be a system of causal SDFEs satisfying Assumption 1 whose exogenous
processes X, (w € W) have independent increments, and let u,v € V.

(i) Let DIO=LGTY pe faithful for every 0 < s < T. If there is a directed path from u to v in
G(D), then u is a Granger cause of v.

(ii) Let G(D) have no bidirected edges. If u is a Granger cause of v, then there is a directed
path from u to v in G(D).

For discrete-time models, a similar link between Granger causation and causation in SCMs
has also been remarked by Peters et al. (2013) (Theorem 10.3), White and Lu (2010) and Eichler
(2012).

7.1.1 Local independence

Besides the ‘global” Granger non-causality, much interest has been shown in a local notion called
local independence (Schweder, 1970; Aalen, 1978; Didelez, 2008; Mogensen and Hansen, 2020).
It has been conjectured that it is equivalent to the conditional independence Xf’t) 1 XL X [69 )
(Didelez, 2008), but if B C C' and X is continuous, then Xp(t—) = Xp(t) a.s. so this conditional
independence holds trivially even if there is a local dependence (Christgau et al., 2023). In this
section we investigate the relation between Granger non-causality and local independence, and
we derive a local independence Markov property based on o-separation (and d-separation when
appropriate) in the time-split graph.

Defining local independence requires some technical background. A special semimartingale
X(t) adapted to a filtration F on compact interval [0,7] is a stochastic process that has a
Doob-Meyer decomposition X (t) = A(t) + M (t), where A is a F-predictable finite variation
process with A(0) = 0, and M is a local martingale with respect to F; this decomposition is
unique up to indistinguishability. Throughout this section, let D be a system of causal SDEs
satisfying Assumption 1 such that for every B, C C V the optional projection (the unique cadlag
version of) E[Xp(t) | FC] exists and is a special semimartingale, where F¢ denotes the filtration
generated by X¢. A convenient sufficient condition is that ¢t — Xp(¢) is almost surely bounded
by some deterministic constant (see Lemma F.4 in the Appendix).

Definition 11 (Local independence). Let A, B,C' C V and consider the following optional
projections and their Doob-Meyer decompositions
E[Xp(t) | FF] = A(t) + M(1)

E[Xp(t) | F{*C) = A€ (1) + MAC(H). (10)

We say that Xp is locally independent” from X 4 given X, written X, 4 Xp | X¢, if AYC = A€
a.s.

"Florens and Fougere (1996) refer to this as weak instantaneous non-causality, Comte and Renault (1996) call
it local Granger non-causality.
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Local independence is equivalent to A4¢ having a F¢-predictable version, and this version
is then necessarily a.s. equal to A® (see Mogensen and Hansen, 2020 Appendlx E). Some authors
assume that the trajectory t — A€ (¢) is absolutely continuous, i.e. A€ (¢ fo MC(s)ds for
some F4C adapted process A called the intensity process, in which case local 1ndependence
is equivalent to the intensity process A*¢ having a F¢-adapted version.

Some authors (e.g. Aalen, 1978; Florens and Fougere, 1996; Comte and Renault, 1996;
Didelez, 2008; Christgau et al., 2023) always condition on the history of the target variable, i.e.
they consider B C C, in which case we get Xp(t) = E[Xp(t)| FE] = E[Xp(t) | F*], so (10)
reads Xp = MAY + A4 and X = M + A%, in which case local independence X, /4 X5 | Xo
is equivalent to M4¢ = M as. If B C C, local 1ndependence trivially holds if Xg is almost
surely differentiable, since then Xp(t) = Xp(0) + fo X5(s)ds, so Xl = \¢ = A\C as. (Comte
and Renault, 1996). Other authors (Mogensen et al., 2018 Mogensen and Hansen, 2020) allow
for general conditioning sets C'; we follow this convention.

The following result, due to Florens and Fougere (1996) for the special case where B C C,
relates Granger non-causality to local independence.

Theorem 17. Let D be a system of causal SDEs satisfying Assumption 1 whose exogenous
processes X, (w € W) have independent increments, such that sup,cio 7 || Xv (?)|| < ¢ almost
surely for some deterministic ¢ < oo, and let A,B,C C V. If for all0 < s <t < T we
have XL?’S} il_Xg’t] |X([JE)’S} in the time-split system DUOSLELGTL qhen X, A Xp| Xe and
MC = MAC. Conversely, if B = C, then X4 /4 Xp|Xc implies XE’S] JI_X](B’ X([E”S] for all
0<s<t<T.

Florens and Fougere (1996) show that equivalence between local independence and Granger
non-causality also holds for certain point processes and Markov processes for the case that B is
a strict subset of C'. As a corollary of Theorem 17, we obtain the following Markov property for
local independence in terms of the time-split graph.

Corollary 1 (Markov property for local independence). Let D be a system of causal SDEs
satisfying Assumption 1 whose exogenous processes X,, (w € W) have independent increments,
such that supepo 71 || Xv (t)|| < ¢ almost surely for some deterministic ¢ < oco. Let A, B,C CV.

(i) If X5 12 ooy X5 X0 for all 0 < s < T, then X4 / X5 | Xe.

(ii) If g, is Markov, f, either models the initial condition or is Markov, and we have
XE’S] L&y X](;’T] |X([f3’5] for some 0 < s < T, then X4 / Xp|Xc.

(i1i) If D satisfies Assumption 2 and g, is Markov, and X, [0:5] J_G(D{[o ST Xg’ﬂ ]Xg)’s] for
some 0 < s <T, then X4 / Xp|Xc.

Note that in clauses (ii) and (iii), it suffices to verify the separation for a single s since g, is
Markov and f, either models the initial condition or is Markov, and hence the time-split graph
G (D11} does not depend on s € (0,7).

Various other Markov properties have been derived for local independence in terms of the
causal graph G(D), see e.g. Didelez (2008) for a Markov property for point processes in terms
of d-separation (assuming B C (', excluding latent confounding), Mogensen et al. (2018) for
additive noise diffusion processes in terms of u-separation (not assuming B C C, excluding
latent confounding), and Mogensen and Hansen (2022) for Ornstein-Uhlenbeck processes (not
assuming B C C, allowing for latent confounding).
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8 Discussion

In this work we developed a formal framework that equips systems of stochastic differential
equations (SDEs) with causal semantics and lifts the SCM toolkit — causal graphs, graphical
Markov properties and the do-calculus — to this setting via a pathwise interpretation of the
causal SDEs. We introduced the notion of essential unique solvability of a system of causal
SDEs, and provided an SCC-wise Lipschitz condition (Assumption 1) and a subclass of additive
noise SDE (Assumption 2) that are sufficient for this property to hold. We also introduced a
marginalisation operation that integrates out latent processes while preserving the observational
and interventional distributions on the retained processes, and showed that systems of causal
SDEs remain essentially uniquely solvable after marginalisation. Following the acyclification
proof strategy of Forré and Mooij (2017); Bongers et al. (2021); Forré and Mooij (2025), we
established the o-separation Markov property for essentially uniquely solvable systems of causal
SDEs, and the stronger d-separation Markov property for the class of (cyclic) additive-noise
SDEs via total variation convergence of continuous Euler approximations. The o-separation
Markov property implies the do-calculus and with that an explicit causal interpretation of the
causal graph of a system of causal SDEs. Combining marginalisation with time-split systems
yields the subsampled system (Definition 9), which models the dynamics observed at a finite
set of time-points. Time-split systems give a Markov property for continuous-time Granger
non-causality (equivalent to the absence of a directed path in the causal graph under faithfulness
and no latent confounding) and an analogous Markov property for local independence. We also
argue that time-split systems of causal SDEs provide a natural framework for constraint-based
causal discovery from time-series data, as showcased in the following section.

8.1 Constraint-based Causal Discovery

As mentioned earlier, the cornerstone of the discovery of causal relations is experimentation: if
P(Y|do(X)) depends on X, then X is a cause of Y. However, in many practical scenarios exper-
imentation is impossible (e.g. expensive or unethical), so one might want to infer causal relations
from observational data. Causal discovery algorithms estimate the underlying causal graph of
an SCM from observational data by exploiting statistical patterns in the data. Constraint-based
causal discovery algorithms specifically rely on conditional independence patterns, the Markov
property and faithfulness assumption of the SCM.

A classical example is the PC algorithm (Spirtes et al., 2000), which assumes that the
SCM is acyclic, faithful, and has no latent confounding. To allow for latent confounding, the
FCI algorithm has been proposed by Spirtes et al. (1999). It has later been shown to be
sound and complete for acyclic graphs (with the d-separation Markov property and faithfulness
assumption) by Zhang (2008), and subsequently has been shown to be sound and complete
for cyclic SCMs as well with regard to the o-separation Markov property and faithfulness
assumption, in the setting without selection bias (Mooij and Claassen, 2020). FCI does not
directly estimate the underlying graph of the SCM, but instead estimates a Partial Ancestral
Graph (PAG), representing ancestral relations and the Markov equivalence class. We apply FCI
to the repressilator in Example 11 below, assuming a conditional independence oracle. Other
constraint-based causal discovery algorithms that are known to be sound for (possibly cyclic)
systems with the o-separation Markov property and faithfulness assumption are Local Causal
Discovery (Cooper, 1997; Mooij et al., 2020) and Y-structures (Mani, 2006; Mooij et al., 2020).

For cyclic systems with a d-separation Markov property and faithfulness assumption, as in
the setting of Theorem 11, the FCI algorithm is not sound. For this scenario (excluding latent
confounding and selection bias), Richardson (1996) introduced the CCD algorithm, which was
subsequently extended to the CCI algorithm by Strobl (2019) to allow for latent confounding
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and selection bias. The CCI algorithm outputs a Mazimal Almost Ancestral Graph (MAAG). A
main drawback is that we do not know whether any sparsity in the MAAG represents conditional
independencies in the data, since no Markov property has been proven for MAAGs. Until that

question is answered, we can only read off the absence and presence of ancestral relations from
the MAAG.

Example 11. Consider the repressilator D after projection onto ZE P.r, Pacr, Pietr and Pgrp.
After time-splitting into the intervals € = {[0, 5),[s, 1), [t, T]}, the time-split causal graph G(D?)
is depicted in Figure 6a. When applying CCI to this system with a d-separation oracle (emulating
a consistent conditional independence test with infinite data, under the d-separation Markov
property and the faithfulness assumption), we obtain the MAAG as depicted in Figure 6b. When
applying FCI (assuming no selection bias) to this system with a o-separation oracle (so under the
o-separation Markov property and the faithfulness assumption), we obtain the PAG as depicted
in Figure Gc.

ZP ,10,5) ZP [s,t) ZP [t T

A A
NI D N

0,s st t, T
‘Pl[acl Pl[acl) F)l[acl]

C\[O,s:/ C\[ t) C\[t,T?/

P — p¥) —— P

tetR t tR tetR
O[O s O[S t O[t T
Porp GFP GFP
(a) The ground truth.
P,[0,s P,[s,t Pt T P,[0,s P,[s,t
ch[ ) Zd[ ) ch[ ] ch[ ) Zd[ )
T] P£?7S)
T
Pl[acl]
t, T 0,s
Pt[etR] Pt[etR)
0,s s,t t,T 0,s
Py —— Fepp — Faip i
(b) The MAAG computed by CCI. (c¢) The PAG computed by FCI.

Figure 6: Outputs of the constraint-based causal discovery algorithms CCI and FCI applied to
a subset of the variables of the repressilator. The exogenous noise process Z7; is included as a
parent of P.; in the cycle, for sake of exposing the difference between CCI and FCI.

Other approaches to causal discovery for discrete-time systems include Malinsky and Spirtes
(2018); Runge et al. (2019); Reiter et al. (2024); see Assaad et al. (2022) for an overview. Other
approaches for causal discovery for systems of SDEs include Guan et al. (2024), Engelke et al.
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(2024), Nathaniel et al. (2025) and Briick et al. (2026). Closely related to our framework,
Manten et al. (2025) establish an asymmetric Markov property for the conditional independence
XE)’S] A X](;’ﬂ ] Xg] ’S], X g\’%, based on o-separation in a ‘lifted graph’ constructed from the causal
graph G(D); this lifted graph corresponds to the time-split causal graph G(DI0sh(s.ET1H) §f
f» models the initial condition and g, is Markov. When Assumption 2 holds, our d-separation
Markov property in the time-split graph (Theorem 14(ii)) shows that their Markov property
can be strengthened.

8.2 Limitations and open problems

Our framework assumes well-posedness of the underlying SDE system through a global Lipschitz
condition, which might be extended to include more general classes of dynamics. We proved the
d-separation Markov property for a class of additive-noise SDEs (Theorem 11); we conjecture
that the result holds for a larger class of systems of causal SDEs that excludes instantaneous
cycles.

A central open direction is proving the d-separation Markov property for marginalised
systems. This would boil down to finding a model class like Assumption 2 for which we have a
d-separation Markov property and which is itself closed under marginalisation.

Another open problem concerns the d-separation analogue of the do-calculus for cyclic SDEs.
Theorem 12 establishes the o-separation do-calculus for essentially uniquely solvable systems of
causal SDEs via an auxiliary system Dgyo(rz~v) augmented with intervention variables, and on
acyclic systems the d-separation analogue follows trivially since d-separation and o-separation
coincide. For cyclic additive-noise SDEs the analogue does not follow from Theorem 11, because
the auxiliary system falls outside the additive-noise class. We conjecture that the d-separation
do-calculus nevertheless holds for additive-noise SDEs satisfying Assumption 2.

On the causal-discovery side, several open problems are especially relevant for time-split
systems of causal SDEs. Immediate ones are the extension of FCI with o-separation to allow
for selection bias, and investigating Markov properties for MAAGs and the completeness of
CCI. An especially relevant extension is tiered FCI (tFCI) by Andrews et al. (2020), where one
specifies a temporal ordering between the variables as background knowledge, excluding causal
relations from future to past. Soundness of tFCI has only been proven for acyclic graphs with
d-separation Markov property and faithfulness (Andrews et al., 2020) without selection bias;
it is unknown whether it is complete in this setting. Moreover, it is unknown whether tiered
background knowledge can be used in FCI for cyclic systems with the o-separation Markov
property and faithfulness assumption, with and without selection bias. In the cyclic setting
with the d-separation and faithfulness assumption, no extension of CCI has been proposed to
incorporate tiered background knowledge. Lastly, it seems reasonable to believe that by using
(tiered) FCI/CCI on a time-split system and then mapping back to the ‘summary’ PAG/MAAG
for D, we can identify more edges than straightforward FCI/CCI on D.

For causal discovery, a main bottleneck is consistent conditional independence testing
for sample paths: if variables XY, Z take values in D(Zx,R*), D(Zy,R%) and D(Zz,R™)
respectively, testing X 1l Y | Z is not straightforward. Recent results for functional CI testing
are proposed in Lundborg et al. (2022), Laumann et al. (2023) and Manten et al. (2024). Boeken
et al. (2026) provide topological criteria for the existence of consistent conditional independence
tests that may be useful for analysing this problem.

Beyond causal discovery, future work should explore statistical aspects of causal effect
estimation; there is an opportunity to combine this formalism with existing statistical theory
in this field. Finally, experimental validation on real-world dynamical systems — such as gene
regulatory networks, climate models, and financial systems — will be essential to assess the
practical utility of this approach.
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A Functional representation of semimartingale SDEs

The pathwise interpretation of systems of causal SDEs (Definition 4) and the solvability results
of Section 3 rest on the following functional-representation theorem of Przybylowicz et al. (2024),
which we restate here for completeness. Recall that z"''(s) := x(s A t).

Theorem A.1 (Przybylowicz et al., 2024, Theorem 3.1). Let m,d,r € N and let g : [0,T] X
D([0,T],R%) x D([0,T],R") — R¥>™ be a matriz-valued map such that

(i) t = g(t,z,y) is cadlag for all (z,y) € D([0,T],R%) x D([0,T],R");
(ii) g is B([0,T]) @ B(D([0,T],R%)) @ B(D([0, T],R"))-measurable;
(iii) g(t,x,y) = g(t,z", y") for all x,y and t € [0,T];

() g satisfies the linear-growth and Lipschitz conditions (4)—(5) in x given y: there exists a
measurable K : [0, T] x D([0,T],R") — (0,00) with t — K(t,y) cadlag, such that for all
z, 21,72 € D([0,T],RY), y € D([0,T],R") and t € [0,T],

lg(t,z,y)|| < K(t,y)(1 + sup lz(s)]1),

<s<t

gt 1,y) = g(t, 22, 9)l| < Kt y) sup [l (s) = z2(s)]l

Then there exists a map
v : D(0,),RY) x D(0, T}, &") x D(/0, T}, R™) = D([0, T}, R?),

measurable with respect to the Borel o-algebras of the Skorokhod topology, such that for every
Re-valued cadlag adapted process F, every R"-valued cadlag adapted process G, and every
R™-valued semimartingale H, the process X = V(F, G, H) satisfies P-almost surely the SDE

t
X, = Ft+/ g(s—, X,G)dH,,  te[0,T).
0

If Y is another solution of the SDE, then P(X =Y) = 1.

By condition (iii) the map ¥ is non-anticipative: W(F,G, H)"" depends on (F,G, H) only
through (F",G", H™), so the induced solution is adapted. The pathwise integral map of
Definition 4 arises as the special case F' =0 and ¢g(s—, X, G) = G(s—).

Corollary A.1 (Pathwise It6 integral map). There exists an adapted map
v D([0,T],R™) x D([0, T],R™) — D([0, T], R),

measurable with respect to the Borel o-algebras of the Skorokhod topology, such that for every
R™-valued cadlag adapted process G and every R™-valued semimartingale H, the process V(G, H)
is a version of the Ité integral [, G(s—)dH(s).
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B Proofs of Section 3

Theorem 1. Let D be a system of causal SDEs. If D is essentially uniquely solvable w.r.t. V
with solution function IV : Xy — Xy, then the observational distribution of D is unique and
satisfies

P(Xy) =PIY(Xw)).

If L,O,S CV partition V and D s essentially uniquely solvable w.r.t. O C V with solution
function 119 : Xg x X, x Xy — Xp, then for any xg € Xg the intervened system Dyo(xs=zs) S
essentially uniquely solvable w.r.t. O with solution function I (zg,-,-) : Xy x Xy — Xo. If
L =0, the interventional distribution satisfies

(XO | dO(XS = mg)) ]P([[O} (xs, Xw))
is unique, and g — P(Xo|do(Xg = x5)) is a Markov kernel.

Proof. Let ®p be as in Definition 4 and /1 a solution function of D w.r.t. V. Since Xy :=
IVI( Xy ) satisfies Xy = &y (Xy, Xy) P-a.s., it is an adapted solution of D. Let ¢y : Xy — Xy
be an adapted measurable map with ¢y (Xy) = @y (py(Xw), Xw) P-a.s. By essential unique
solvability we have ¢ = I'V1(Xy) P-a.s. The law of any adapted solution therefore equals
P(IV)(Xw)) = Pp(py(Xw)), independent of the choice of 111,

For the interventional case, let L,O,S C V partition V and xg € Xs. Essential unique
solvability of D w.r.t. O provides the fixed-point and uniqueness conditions of Definition 5 for
every adapted input process ¢rus @ Xw — Xpus. Considering instead the map ¢} ¢ = (¢r, zs)
leaves both conditions intact: for each such ¢y the process Xo = I%(xg, oL (Xw), Xw) is
the P-a.s. unique adapted solution of Xo = ®o(Xo,zs, pr(Xw), Xw), which is exactly the
O-fixed-point equation of Dyo(xg=zy). Hence I ©)(zg,,-) is a solution function of Dao(xg=zs)
w.r.t. O. Taking L = (), the fully intervened system Dyo(xs=zs) has the P-a.s. unique adapted
solution 719 (xg, Xyy), and hence

P(Xo |do(Xs = x5)) = P (x5, X)),

independent of the choice of I19!.

The map I : Xy x Xy — Xp is jointly measurable by Definition 5. For every Borel
set A C Xp, the indicator (zg, zw) + 14(I1(zg, 2w )) is jointly measurable, so by Tonelli’s
theorem the integral

rg PD (XO c A ‘ dO(XS = l’s)) = /X ]lA (I[O](Is, l’W))dP(Xw)<Iw)

is measurable in zg. Since A — Pp(Xp € A | do(Xg = xg)) is a probability measure on Xy for
each fixed zg (as a pushforward of P(Xy)), the map zg — Pp(Xo |do(Xs = zg)) is a Markov
kernel from Xg to Xp. O

Lemma B.1. Let g : [0,7] x D([0,T],R¥) x D([0,T],RY) — R™ be measurable, and write
g = (g™, with each ¢ : [0,T] x D([0,T],R*¥) x D([0,T],R") — R. Then g satisfies the
linear-growth condition (4) (resp. the Lipschitz condition (5)) in x given y if and only if each
g satisfies the corresponding condition in © given y.

Proof. ‘=" For each i and every (¢, z,y), |¢ (t, 2, y)| < |lg(t, =, y)|| < K(t, y)(H—supOSSgt Hx(s)”),
so g satisfies (4) with the same K; the Lipschitz analogue is identical.
‘<" Suppose each g satisfies (4) with measurable cadlag K;. Then

m

lg(t, 2, 9)I* =D _(9V(t.2.9)) Z (14 sup [l(s)ll)",

i—1 0<s<t
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. m 1/2 -
so [lg(t.z,y)ll < K(t,y)(1 + supge,e, lz(s)]]) with K(t,y) == (3, Ki(t,y)*) ", which is
measurable and cadlag in (¢,y) as a finite combination of measurable cadlag functions. The
Lipschitz analogue is identical, with the same K. O

Theorem 2. Let D be a system of causal SDEs and let O C V. If for every v € O we
have a(v) N O = 0 and the integrand g, satisfies the linear-growth and Lipschitz conditions in
(Xo, Xpwyno) given Xgwpno, then D is essentially uniquely solvable w.r.t. O.

Proof. Since a(v) N O = ) for every v € O, the joint SDE for X, reads

t
Xo(t) = folt, Xao) + / 90(5— X0, Xsono)dho (s, X 0)). (11)
0

with «(O) € (V\ O) UW (the assumption a(v) NO = 0), S(0O)\ O C (V\ O)UW, and
v(O) C W (Definition 1). The componentwise Lipschitz and linear-growth conditions on g, in
(Xo, Xpw)no) given Xguyo extend trivially (by ignoring extra coordinates) to componentwise
conditions on g, in Xo given Xz o, with the same K,. Lemma B.1 then gives joint Lipschitz
and linear-growth conditions on go = (gv)veo in Xo given Xgoopo, with joint constant
Ko(t,y) == (3 ,co Kult, yﬁ(v)\o)z)lﬂ. Theorem A.1 then yields a measurable map I°! such
that Xo = I19] (Xa0), X005 X(0)) is the P-a.s. unique adapted solution of (11). Since this
holds for every Xy -measurable adapted cadlag process X o oyusonoynv, £ [©] is thus a solution
function as in Definition 5, and D is essentially uniquely solvable w.r.t. O. [

Lemma B.2. Let D be a system of causal SDEs and O C'V' such that D is essentially uniquely
solvable w.r.t. O. Then there exists an adapted solution function I° : Xoao) X Xw — Xo.

Proof. By essential unique solvability of D w.r.t. O there exists an adapted solution function
101 X x Xy — Xo where S := V' \ O. Define L := (V' \ O) \ pa(O), fix any constant 29 € X7,
and define )
s (Tpa(0), Tw) = s (Tpa(o), 29 aw),
which is measurable and inherits adaptedness from 71°).
Let g be adapted and measurable and set o2 := (¢pa(0), 2} ). Since none of fo, go, ho
depend on z;, ®o does not depend on z;. In particular, for every xo and zy,

Do (z0, ps(zw),zw) = Po(zo, % (zw), zw).
Since 19 (ppao)(zw), mw) = IS (vw), zw) is an essentially unique fixed point of zo =
dp (xo, oL (zw), xw) and thus also for zp = ®p (xo, ws(zw), xw), we obtain the result. O

Lemma B.3 (Composition of SCC solution functions). Let D be a system of causal SDEs that
is essentially uniquely solvable w.r.t. every strongly connected component (SCC) of G(D). Then
D s essentially uniquely solvable w.r.t. V.

Proof. Let (Ci,...,Cy) be a topological ordering of the SCCs of G(D), and for each i let I¢
be a solution function of D w.r.t. C;. By Lemma B.2 the solution function 7 may be taken to
depend only on Xy and the endogenous parents X, (¢,) that all lie in C; U --- U C;_;. Writing
I1¢:] (@pa(cy), xw) accordingly, define 1 V1. Xy — Xy recursively along the topological order by

I ww) = 190 (ew),aw), =1,k

We verify by induction on the SCCs that IV is an essentially unique solution function of D
w.r.t. V. To that end, let ¢y : Xy — &y be adapted with ¢y (Xw) = $v(ov(Xw), Xw) P-a.s.
Since ][c‘j] (zw) = I°Y(zy) we have

Vv 174
1IN (Xw) = @, (I8 (Xw), Xw)
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by the fixed-point property of I'“‘) and ¢¢, (Xyw) = [c‘j] (Xw) P-a.s. by the essential uniqueness

of IO If for i € {2, ..., k} we have I (Xy) = @, (I (Xiw), Xw) and ¢, (Xiw) = I (Xiw)
P-a.s. for all j < ¢, then, since pa(C;) € C; U---UC;_; and [[c‘? (X)) = I1¢] ([;[)ZgC»)(XW)>XW)v

7

the fixed-point property of I'C gives

1) (Xw) = ®c, (15 (Xw), 1] (Xw), Xw)  P-as.

Since ¢, (Xw) = P, (vc,(Xw), pacy) (Xw), Xw) P-a.s., substituting the essential uniqueness

pa(c) (Xw) = Il[azgci)(XW> from the induction hypothesis, and since we have I[C‘j](:r;w) =

I1¢:] (]I[)chi)(xw), mw), we obtain by the essential uniqueness of I'“l that

o (Xw) = D¢, (o, (Xw), Loy (Xw), Xw) = [0 (Xw) Pas.,
which proves the result. O

Theorem 3. If a system of causal SDEs D satisfies Assumption 1, then it is essentially uniquely
solvable w.r.t. every subset O CV.

Proof. Fix O CV and write S := V' \ O. By Definition 5, a solution function of D w.r.t. O is a
single measurable adapted map I'9 : Xg x Xy — Xp such that, for every measurable adapted
vs : Xy — Xy, the process 119 (pg(Xyw), Xiy) is the essentially-unique adapted solution of

zo = Po(z0, ps(Xw), Xw).

This can equivalently be interpreted as the fixed-point equation of the intervened system
Do(xg5=ps(xw)) W-I.t. its full endogenous set O: the system of causal SDEs on O obtained by
overriding the mechanisms of the variables in S with the adapted process pgs(Xy ), leaving
each mechanism ®, (v € O) unchanged. Thus D is essentially uniquely solvable w.r.t. O if and
only if there is an essentially unique solution function 71! for Dyo(xs=ps(xw)) W.r.t. O for every
adapted (pg; we establish the latter by verifying the conditions of Theorem 2 on each SCC of
G(Dao(xg=ps(xw))) and composing via Lemma B.3.

Since g is a function only of the exogenous Xy, overriding Xg by ¢g(Xw) adds only
exogenous dependence to the O-mechanisms and leaves the directed edges among O exactly
those of G(D); hence the SCCs of G(Dao(xg=ps(xw))) are those of the subgraph of G(D) induced
on O, each contained in an SCC C of G(D). Fix such an SCC C C C. By Assumption 1(i)
on O, a(v) NC C a(v)NC = 0 for every v € C; and by Assumption 1(ii) on C, g, satisfies
the linear-growth and Lipschitz conditions in (X,, X ,B(u)mé) given Xz, )¢, which implies the
conditions in (X,, Xgw)nc) given Xguync by considering the variables 5(v) N (C'\ C) as the given
inputs. Hence C' satisfies the hypotheses of Theorem 2, and thus Dyo(xs—ps(xy)) 18 essentially
uniquely solvable w.r.t. C. Since the resulting solution function I1°! does not depend on ¢g we
obtain the result. O

Theorem 4. If a system of causal SDEs D satisfies Assumption 2, then it satisfies Assumption 1.

Proof. For each v € V, writing 3,. for the (constant) v-th row of ¥ and y(v) := {w € 7 : Xy, #
0} for the Brownian components driving v, the causal SDE

¢ ¢
X,(t) :ng—i—/o uv(s,XV(s))ds+/0 3. d X5 (5)

matches the form fv(t,Xa(U))—&—fJ Go(5—, Xu, Xa(w))dhy (s, X)) of (2) with a(v) :== {a} Ca C
W the exogenous initial-condition coordinate, S(v) := V' \ {v}, 7(v) C v C W the exogenous
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Brownian coordinates driving v, f,(t, Xagw)) = X3, 9u(s, Xo, Xaw)) = (1o (s, Xv (s)), Xy.), and
ho (s, Xyw)) = (8, Xy (5))-

For every v € V, a(v) € W, so v has no endogenous functional parents, and thus a(v)NS = ()
for every SCC S and every v € S. The drift component p,(s, Xy/(s)) inherits the linear-growth
and Lipschitz conditions from p by restriction. The constant component ¥,. of g, has no
X-dependence and does not contribute to the Lipschitz constant, and adds a term [|X,.|| to the
linear-growth constant. [

C Proofs of Section 4

Theorem 5. Let D be a system of causal SDEs, and let L, O C V' be disjoint. If D is essentially
uniquely solvable w.r.t. L and w.r.t. LU O, then the marginalised system Diarg(r) 15 essentially
uniquely solvable w.r.t. O. Moreover, for any solution function IO of D w.r.t. LU O, its
restriction Iguo] is a solution function of Dmarg(ry w.T.t. O.

Proof. Fix the solution function I'" : X X Xw — Xp used in Definition 6, and write

S =V \ (LUO). Since the integrator h, of each v € V' \ L depends only on the exogenous
X, (v), marginalising L leaves it unchanged and substitutes I [L) only into f,, g»; consequently
the pathwise mechanism of Dyyar(r) satisfies

Qo(r0, 15, 2W) = Po (I[L] (zs, 20, Tw), T0, Ts, Tw ). (12)

Fix a solution function IZY9) of D w.r.t. L UO. We will show that 10 := [([)LUO] is an
essentially unique solution function for Dy,ae(z). To this end, let pg : Xy — Xs be measurable
and adapted.

By the fixed-point property of I'V0l at g we have

TP g (Xw), Xw) = roo (1M es(Xw), Xw), ps(Xw), Xw) P(Xw)-as.

Reading off the L-block and regrouping its O- and S-arguments into the map ¢suo(zw) :=
(os(zw), I (pg(zw), Tw)) we get that I[LLUO](QOS(-), -) satisfies the fixed-point property

12 ps(Xw), Xw) = 2o (I7 s (Xw), Xw), pswo(Xw), Xw)  P(Xw)-as.
Since D is essentially uniquely solvable w.r.t. L, the uniqueness property of I¥ at ¢g o then
gives

I o (aw), zw) = TH (psuo(@w), zw)  P(Xw)-as. (13)

Now the O-component of the fixed-point property of I1*9! at g reads, using 710 = I([)L YO and

120 (o (Xw), Xiw) = (11" ps(Xw), Xiw ), T s (Xw), Xw)), as P(Xw)-as.;
19ps(Xw), Xw) = o (11" (s (Xw), Xw), I9(ps(Xw), X)), s(Xw), Xw).

By (13), 11" (ps(Xw), Xw) = I (psu0(Xw), Xw) = I (s (Xw), T (ps(Xow ), Xow), Xw);

substituting this for the L-coordinate, the right-hand side is precisely (12) evaluated at

zo = 19%(ps(Xw), Xw) and rg = ¢g(Xw). Hence, P(Xy)-a.s.,

Nps(zw), 2w) = @0 (I'/Nps(zw), zw), ps(zw), zw).

~ For essential uniqueness, let po @ Xy — Xo be adapted and measurable with po(zy) =
dp (gpo(mw),gog(xw),xw) for P(Xw)-a.a. zyw. Redefine pg o := (vs, po) and set

vroo(zw) = (I (psuo(@w), 2w), vo(zw)).
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Then ¢ o is a fixed point of zr,0 = Pruo(rruo, vs(Xw), Xw) P(Xw)-a.s., since the L-
component satisfies

@1 (oruo(zw), es(aw), zw) = &1 (M (psvo(@w), 2w ), psuo(zw), 2w) = M (psuo(zw), zw)

by the fixed-point property of I'* at ¢ g0, and the O-component satisfies ®o (¢ o0 (Tw ), @s(Tw), Tw) =
o ((po(xw), vs(zTw), xw) = @o(zw), by (12) and the hypothesis. Since ¢ is adapted and

D is essentially uniquely solvable w.r.t. L U O, the essential uniqueness of I'V9l at vg gives

oo (Xw) = I (ps(Xw), Xw) P(Xw)-a.s. Reading off the O-component, we have

vo(Xw) = 15" ps(Xw), Xw) = 19(ps(Xw), Xw)
P(Xw)-a.s. O

Lemma C.1. Let D be a system of causal SDEs, and let L,O,S C V partition V. If D is
essentially uniquely solvable w.r.t. L and L U O, then

]P)D XO | dO(XS = $S)) = PD(XO ‘ dO(XS = xs)),

s (

/

and any two marginalisations Dyare(r) and Dmarg( L)

yield the same distributions.

Proof. Let Tl - Xy x Xy — Xuo be a solution function of D w.r.t. L U O, and set
I1O] ({fg, Tw) = I[OLUO] (g, zw). By Theorem 5, Dyarg(z) is essentially uniquely solvable w.r.t. O
and 719 is a solution function of Diarg(r) w.r.t. O. By Theorem 1 the interventional distribution
of Dare(r) is the pushforward via any solution function. Hence

g(L)
(Xo |do(Xs = ws)) =PIV (ws, Xw)) = P(I5" " (ws, X)),

IPJDmarg(L)

which by Theorem 1 applied to D equals Pp(Xp | do(Xs = xg)). O

Lemma C.2 (Sequential marginalisation). Let D be a system of causal SDEs, let Ly, Ly, O, S C
V' partition V. Assume that D is essentially uniquely solvable w.r.t. L1, L1ULs, and L1 ULy UO.
Then Dyarg(r,uL,) and (Dmarg(Ll))marg(LQ) are well-defined and essentially uniquely solvable w.r.t.
O, and for every xs € Xs,

XO | dO(XS = l‘s)) = PD XO | dO(XS = l‘s))

]P)(Dmarg(Ll))marg(Lg) ( marg(LqULg) (

Proof. Let I1VUL2U0] be a solution function of D w.r.t. L1 U Ly U O. Throughout we apply
Theorem 5, whose two hypotheses on a system are essential unique solvability w.r.t. the
marginalised set and w.r.t. its union with the retained set. Applied to D with marginalised set

Ly U Ly and retained set O, it gives that Dparg(r,ur,) 18 essentially uniquely solvable w.r.t. O

with solution function I, [OL 10L2U0] Applied to D with marginalised set L; and retained set Lo,

it gives that Diyarg(r,) 18 essentially uniquely solvable w.r.t. Ly, so (Dmarg( Ll))marg( Lo) 1s defined;

applied to D with marginalised set L; and retained set L, U O, it gives that [ éLQbUOL"’UO} is a

solution function of Dyarg(r,) W.r.t. Ly U O. Applied once more to Diarg(r,) With marginalised
set Lo and retained set O, it yields I[OL 1WE2U01 o5 a solution function of (Dmarg(L1))marg(Lz) W-I.t.

0.

Both Duarg(r,0L2) aNd (Drmarg(Ly))marg(L,) therefore admit I[OL 1WUE2D0] o solution function
w.r.t. O, and by Theorem 1 the interventional distributions coincide as pushforwards of P(Xy)
under this map. O
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Lemma C.3 (Marginalisation commutes with intervention). Let D be a system of causal SDEs,
let L,O,S, T CV partition V, and let xv € Xp. Assume D is essentially uniquely solvable
w.r.t. L and w.r.t. LUO. Then (Dumarg(r))do(xXr=zr) 010 (Ddo(xp=zp))marg(r) are well-defined
and essentially uniquely solvable w.r.t. O, and for every rs € Xg,

P(D XO | dO(XS = 1’5)) = IP)( XO | dO(XS = CL’S))

marg(L))do(XT:zT) ( Ddo(XT:zT))marg(L) (

Proof. Let TVl X o X Xy — Xuo be a solution function of D w.r.t. LU O.

By Theorem 1, since D is essentially uniquely solvable w.r.t. L, Dqo(x,—z;) 18 essentially
uniquely solvable w.r.t. L, and thus the marginalisation (Dgo(x;—z1))marg(r) 15 Well-defined.
Similarly D and thus also Dyo(x;—s,) are essentially uniquely solvable w.r.t. L U O, where the
latter has solution function I1"YO!(zp, -, ) : Xgx Xy — XLuo. By Theorem 5, (Dao(xr=27))marg(L)
is then essentially uniquely solvable w.r.t. O with solution function I, ([)L e (T, -, ).

By Theorem 5, Dparg(r) is essentially uniquely solvable w.r.t. O with solution function
I[OL ol Xpug X Xy — Xo. By Theorem 1, the system (Duarg(L))do(xr=zr) 15 essentially uniquely
solvable w.r.t. O with solution function I[OLUO}(xT, ) Xs X Ay — Xo.

Both systems therefore admit I[OLUO} (xr,-, ) : Xg X Xy — Xp as a solution function w.r.t.
O, so by Theorem 1 their interventional distributions under do(Xg = xg) coincide, both being

the pushforward of P(Xy ) under I([)LUO] (xr,T5,"). O

D Proofs of Section 5

Theorem D.1. Let G = (V, E) be a directed graph and let G— C G be the directed graph with
all self-loops v — v removed. Let A, B,C C 'V, then we have

d d
ALB|C «= AlB|C
G G~
ALB|C = AlB|C
G G~

Proof. Since G~ is a subgraph of GG, any separation in GG immediately implies a separation in
G™.

For the implication A 7.1/_?; B|C = A 7.1[?;, B| C we follow the proof of Proposition 3.5 in
Mogensen and Hansen (2020). Let m be an active walk in G. For any self-loop at v on the walk,
let 7" be the walk in which this self-loop is removed. If v € A or v € B, then the walk 7’ is
still active. Otherwise, if v is a non-collider in 7/, we must have had one of ... > v — v — ...,
VAU S o, AV U S e, AUV = e, U P U4 O L A VU
in 7; in each of these the occurrence of v at the tail of the self-loop is a non-collider, so we
must have had v ¢ C for 7 to be active, so 7’ is active. If v is a collider in 7/, then in 7™ we
either had ... > v+ v+ ...or ... > v = v 4+ ..., so v € Anc(C) for these walks to be open,
so 7' is open as well. Iterating this for every self-loop on 7 gives an active walk in G~, and
so we get A JédG, B|C. For o-separation, the same case analysis applies. The only additional
consideration is blockability of non-colliders: a non-collider v is blockable if it has a child on the
walk not in the same SCC. Removing self-loops does not affect the SCCs, and therefore the
SCCs of GG~ are identical to those of G. In particular, blockability of non-colliders is the same
in G and G~, so the argument carries over. m

D.1 Proofs of Section 5.1

We carry out the proof of Theorem 6 via the acyclification strategy of Forré and Mooij (2017);
Bongers et al. (2021); Forré and Mooij (2025) adapted to the essentially uniquely solvable setting.
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Definition D.1 (Acyclification). Let D be a system of causal SDEs that is essentially uniquely
solvable w.r.t. every SCC C of G(D). An acyclification is the SCM D% = (V, W, Xy, Xy, @, IED(XW)>

with sample spaces X, = D([0,T],R) and, for each SCC C' of G(D) and each v € C, structural
equation

Ty = [1[)01 (xpa(C)a xW)a

where Il is an adapted solution function from Lemma B.2.

By construction, the acyclification D*% is an acyclic SCM (Pearl, 2009), and hence essentially
uniquely solvable with respect to V' by recursive substitution of the structural equations.
Moreover, it satisfies the d-separation Markov property (Bongers et al., 2021, Theorem 6.3).

Recall from (Forré and Mooij, 2025, Definition 3.5.1) that a graphical acyclification G of a
graph G on V is for example obtained from G by, for each SCC C| replacing all edges within C'
and all directed edges u — v into C' (with u ¢ C, v € C') by bidirected edges between every pair
of distinct vertices in C' and directed edges u — v’ for every v' € C, respectively. The resulting
graph is acyclic on the SCCs of G, and by Forré and Mooij (2025), Proposition 3.5.2, d-separation
in G corresponds to o-separation in G: for all A, B,C C V wehave A L%, B|C <= A J_Cé B|C.

Lemma D.1. Let D be a system of causal SDEs that is essentially uniquely solvable w.r.t. every
SCC of G(D), and D*¥ an acyclification. Then:

(Z) IEDD(X\/,XW) = ]P)Dacy(Xv,Xw);
(ii) G+(D*Y) C G*(D), the graphical acyclification of G* (D).

Proof. Let Cy < --- < C} be a topological ordering of the DAG of SCCs of G(D).
(i) Define V1 : Ay, — Xy recursively along the topological order of SCCs:

I ww) = 190 (ew),aw), =1,k

By acyclicity of G(D>®), this recursive construction yields an adapted solution function of D*¥.
As shown in the proof of Lemma B.3 the same IV] is an essentially unique solution function
of D w.r.t. V. Hence under both D and D*¥ the endogenous variables are given P-a.s. by
the same measurable map Xy = I1V/(Xy) of the common exogenous Xy, so the joint law of
(X, Xw) is in either case the pushforward of P(Xy ) under ay — (IV(zy), 2y ); therefore
Pp(Xv, Xw) = Ppacy (X, Xw).

(ii) Let v € V and write C for the SCC of v in G(D). By construction, 157 depends only on
Tpa(cy and zw, so any directed edge v — v in G*(D*¥) has u € pa(C)UW. If u € pa(C), then
by definition of pa(C) there exists v € C' with v — v’ in G(D), hence u — v lies in G*(D).
If w € W, then since I'°! is the essentially unique solution of X¢ = Qo (Xe, Xpae), Xw), its
component L[,C] can depend on x, only if some mechanism &, with v € C essentially depends

on z,, that is, u — v’ in G*(D) for some v € C; the graphical acyclification therefore puts
u— v in GT(D). O

Theorem 6. Let D be a system of causal SDEs that is essentially uniquely solvable w.r.t. every
SCC of G(D). For all A,B,C CV UW we have

A 1 B|C = XalXp|Xe. (7)
G (D)

Proof. Let G*(D) be a graphical acyclification of G* (D). By (Forré and Mooij, 2025, Proposition
8.5.2), AlGip B|C <= ALL , B|C. By Lemma D.1(ii), G*(D*¥) C G*(D), and

removing edges preserves d-separation so A J_g +(D) B|C = AlY, (paeyy B | C. Since G(D*¥)
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is acyclic, the d-separation global Markov property for acyclic SCMs (Bongers et al., 2021,
Theorem 6.3) applies:
d
G+ (’Dacy) ]PDacy
By Lemma D.1(i), D and D*¥ induce the same joint law P(Xy, Xy ), so the conditional

independence—which may involve exogenous variables, as A, B,C' C V U W-—transfers to
D. O

D.2 Proofs of Section 5.2

Lemma 7. Let D be the SDE from Assumption 2 and let M5 be the Euler SCM (for any
n € N), then for A, B,C C V we have

d d
X, L Xp|Xe = X5 L X5|X& = X{1X5|XE
G(D) G(MB)

where we write X4 1= (X4 (o), ..., X5 (t)).

Proof. Let A, B,C CV be such that X4 ,KdG(M%) X£]XE&, then we also have a d-connection

in the augmented graph X4 léﬂ/\/t%) X2 X2, s0 let 2 = (v, ..., vt

o Uy

) be an active path in

GH(M3S) from X7 to X5 (given X&), where for ease of notation we write for any component

Bltwtenl _ vi+1 for v € W. This induces a walk 7 := (vy, ..., v,,) that is active given C:

e for every collider v on 7, there is a ¢; such that v% is a collider on 7, and since

vl € Anc(XZ), a directed path from v% to some c'* with ¢ € C in G*(M35) projects onto
a directed path from v to ¢ in GT(D), so v € Anc(C);

e for every non-collider v on 7, we have

— w — v — z with possibly w = v and possibly z = v, and a corresponding non-collider
vl in whi-1 — vl — 2ttt we have v% ¢ X& and hence v ¢ C

— w 4 v — z then either v ¢ V so v ¢ C, or if v € V then (with possibly either w = v
or z = v) there is a corresponding non-collider v% in w'+! < v% — 2%+ we have
vt ¢ X& and hence v ¢ C;

— we have v? ¢ X4 and v'r ¢ X&, and hence vy ¢ C and v, ¢ C.

From m, construct the walk 7’ in G (D) between A and B by replacing every maximal subwalk
of the form v; — - -+ — v; by the single vertex v;, which retains the boundary edges the subwalk
had with the rest of 7. Such a subwalk is a directed cycle v; = wy — - -+ = wy, — v;, visiting v;
at its start and end. Its first occurrence of v; is the tail of the cycle — incident to the outgoing
edge v; — w; — so it is a non-collider in 7 and v; ¢ C; hence if v; is a non-collider in 7/, 7’ stays
active there. If v; is a collider in 7" (both boundary edges point into v;), then its last occurrence
is the head of the cycle — incident to the incoming edge wj, — v; — and, together with the
incoming boundary edge, has two incoming edges, so it is a collider in =, giving v; € Anc(C).
The interior cycle vertices are non-colliders on a directed path, hence not in C, so removing
them does not affect activeness. (This is the self-loop argument of Theorem D.1 (above), applied
to the directed cycle.) Hence 7’ is active given C, and so X4 ,KéJr(D) Xp | X¢, or equivalently

Xa Ly X | Xe.
Since M3 is acyclic, the d-separation Markov property gives X4 1L X5 | X&. O
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Lemma D.2. Let D satisfy Assumption 2 and fix a grid ty = Tk/n (k=0,...,n). For each
cell [ty, tyr1] let Xs be the Brownian bridge of X

X$<t) = (Xw(t> - Xv(tk)) - t_tf (X7<tk+1) - Xw(tk))a

totr1—1lk

and set XF = YXE: for S CV write XE = (XF)yes and Xg := (XE)PZL. Then the continuous
Euler scheme X3} of (8) satisfies, for every S CV,

o(X2) =o(X5)Vo(Xs).
Moreover, X2 and Xy are independent.

Proof. Write Ay X, == X, (t)41) — X, (t). At the grid points Xv(tk) X&(ty), so on [tk, trs]
the continuous Euler scheme (8) reads X”( ) = X&(ty)+p(ty, X5 ( ) )(E—tr)+2 (X, X, (tr)).
Substituting the gridpoint recursion p(ty, X& (t))(thi1 — te) = X5 (tpy1) — X‘é( ) ZAkX
and collecting terms,

X (6) = X () + 2t (XE (bsr) — XE(0)) + Kb (8).

tk1 tk

For C' C V, X% is determined by X4 and X¢, and conversely X2 (tx) = X&(tx) and XE(t) =
Xo(t) — Xc(tk) ot (XE(t) — XE(t)), so o(XE) = 0(X&, Xc).

let1—tk B
On each cell the Brownian brldge X3 ¥ and the increment A X, are jointly Gaussian with

Cov(X'j(t), AL X ) (t—=tp)lg— (tk+1—tk)ld = 0 for every t € [tg, t;41], hence independent;
bridges and increments on dlSJOlIlt Cells are independent by the independence of Brownian

increments. Together with the independence of X, 0 and X, the bridges Xy are independent of
O'(Xg, {AkX'y}k) 2 U(X‘%), ie. X‘% J.LXV ]

Lemma D.3. Let D satisfy Assumption 2, and let Xy be the Brownian bridges of Lemma D.2.
Then for all A,B,C CV,

d ~ ~ ~
XAG%—D)XB’XC — XAJ.LXB|X0.

Proof. Fix an interval k. The components )_(ij (w € 7) of the vector Brownian bridge le
are mutually independent and jointly Gaussian (as X, has independent components), and
Xk = > wey ZowXl . Hence Xb = (XF),ey is the solution of the acyclic linear structural
causal model with mutually independent exogenous variables (Xﬁw)we,y and structural equations
Xff = Ev.Xf, whose latent projection onto V' has no directed edges and a bidirected edge u <> v
exactly when u and v share a driving component, i.e. ¥, # 0 # ¥,,, for some w € 7. Since the
initial-condition exogenous variables « are in bijection with V' and contribute no bidirected edges,
these coincide with the bidirected edges of G(D) (Definition 2); as the projection has no further
edges, it is a subgraph of G(D). Removing edges preserves d-separation, so X4 J_G X | Xe
implies the d-separation of A and B given C' in this projection, and the d—separatlon global
Markov property for acyclic SCMs (Bongers et al., 2021, Theorem 6.3) gives Xk A JLX k |Xc-
Since the bridges on distinct intervals are mdependent X a4 AL X B | Xc O

Theorem 8. For all A, B,C C 'V, the continuous Euler scheme satisfies

d
Xa g Xl Xo = XGLXG|XE.
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Proof. By Lemma 7, X, 1 () XB | Xc implies X2 1 X5 XE and by Lemma D.3 we have

X A 1 X B| Xc Since XV and XV are 1ndependent by Lemma D.2, this combines into the

conditional independence (X%, X4) IL(X5, X5)|(X&, X¢). By Lemma D.2, 0(X2) = o(X§)V
(XS) for each S € {A, B,C}, so that X and X% are measurable functions of (X4, X4) and

(X%, Xp), while conditioning on X7 coincides with conditioning on (X&, X¢); hence this gives
X7 X7 | Xn. O

Lemma D.4. Let D satisfy Assumption 2. Then for any 6 > 0, the process G(t) = XX, (t)
satisfies

E |exp(30 sup [|G(s)]?)

0<s<T

whenever 65T (|32, < 1

Proof. Note that [G(s)[| < [Sepll X, ()] and X, ()7 = S0, Wifs)?, where W; i= X,
are independent standard Brownian motions. Writing M; := supgc,<p |[Wi(s)|, we have

supo<.<r |G(8) |17 < 122, S°%, M2, and by independence of the components

d
]E[exp (3(5 sup ||G(s ||2)} H exp (38]|212,M7)] -

0<s<T

The event {M; > a} is contained in {supyc,<s Wi(s) > a} U {supy<,<r(—Wi(s)) > a}, so by
a union bound and the symmetry of W;, the reflection principle P(supy<,.p Wi(s) > a) =
2P(W;(T) > a), and the Gaussian tail bound P(Wi(T) > a) < Le o*/?T,

P(M; > a) < 219’( sup W;(s) > a) = AP(Wi(T) > a) < 9p—a%/2T

0<s<T
With A := 36[|[|2, > 0

AT\

E [exp(AM])] =1 —|—/ 2Xa e P(M; > a)da < 1+ 4)\/ aelrNqg =1+ —2
; ; 1— 2T\

which is finite whenever A\ < 1/(27), i.e. 60T||X[|Z, < 1. As a finite product of finite factors,
E[exp(30 supg< <7 ||G(5)][*)] is then finite. O

Theorem 9. Let D satisfy Assumption 2, then there is a subsequence n,, such that P(X{™)
converges in total variation to P(Xy).

Proof. Without loss of generality, assume that the linear growth coefficient K (t) of p satisfies
1 < K := supy<r |K(t)] < co. For readability, write X := Xy, Xy := X2 and W := X,,.
Define M := ||X71|op, the process G(t) := W (t), and (s, x) := S~ u(s, ) for x € R% for a
path or process y we abbreviate u(s,y) := u(s,y(s)) and (s, y) := X u(s, y(s)).

Step 1: Disintegration with respect to initial condition. By Theorem 2, X =
IVI(Xo, W) where I'V] is the adapted solution function. For any deterministic z, € R
the process X®0 := [Vl(xq, W) is therefore F"-adapted (and hence so is 6(s, X*)). We write
Py« for the law of the solution with deterministic initial condition x,. Since Xj is indepen-
dent of W, the law with deterministic initial condition is a version of the conditional law, i.e.
P(X € - |X0 = x9) = P(IV(z,W) € -) = Pxao(-), and hence the law of X disintegrates as
P(X € ) = [Px=(-)dPx,(z0). The same holds for the continuous Euler scheme X" with
initial condltlon Zo.
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Step 2: Density of the centred process Py, with respect to Pg. Fix 2, € R? and let
Y@ .= X% — g4, which starts at Y*°(0) = 0; we compute its density with respect to Py (the
law P« itself is supported on paths started at xy and is mutually singular with Pg for zq # 0).
The SDE for X®° gives

¢

X @] < ||930||+/ [l1a(s, X*)[[ds+[G @) < (||930||+Kt+05<u1<>t||G(S)||)+K/ Sup X0 (u)]|ds,
0 <s< 0 0<u<s

where we used the linear growth condition ||p(s, X*)|| < K(14supgc,<, [[X*(u)]|). Grénwall’s

inequality then gives supg<,<q || X™(¢)[| < (||zo]| + KT 4 supg< <z [|G(s)|)eXT, so for 6 > 0 we

have

E [exp (aK sup HX“(t)IIQ)] < exp(33]a0]|?) exp(36 K*T)E [exp@a sup \|G<s>u2>}

0<t<T 0<s<T

which is finite for sufficiently small § by Lemma D.4. Partitioning [0, 7] into intervals of width
tr —tp1 < 0e KT /K2 M?, we bound

1 [t
exp (5 [ 100X s
2 te—1

E

<E [exp (%MQKQ(tk —t,_1)(1+ sup ||Xx0(t)”)2>}

0<t<T

<E [exp (56—2”(1 + sup ||X”C°(t)||2))] <

0<t<T

for each k. Since X™ = IV](zy, W) is F"-adapted, the piecewise Novikov condition (Karatzas
and Shreve, 1988, Section 3.5, Corollary 5.14) gives E[Z*°] = 1 for the random variable

T 1 /T
2% = exp (— B(s, X70)dIW (s) — 5/ \|9(5,Xm°)||2ds> |
0 0
Defining the process %0 (t fo s, X*)ds + W(t), by Liptser and Shiryaev (2001) Theorem

7.3 the laws Pezo and ]P’W are equivalent Wlth density

Ty e ([ om0+ [ o een e - [ 0o+ [ Sagnwias).

where w € Q) denotes a point in the underlying probability space and we used that (s, X*°) =
0(s, xo + [, BdE™ (u)) is F5’-measurable. Let F(W) be the solution function of fot AW (s),
with inverse F'~!(G) the solution function of [ £~'dG(s). Since Y™ = X™ — x4 = F(£") and
G = F(W), pushing forward through F' gives Py« ~ Pg with density

dfgj (G(w)) = exp (/0 0(s,xo + G(w))dW (s)(w) — %/0 16(s, 20 + G(W))]|2ds) L (14)

Step 3: Density of Py«.» with respect to P;. The continuous Euler scheme X®0"
satisfies X*0"(t) = xy + f(f fn (s, X*0(s))ds + fg AW (s) with w,(t,z) = p(ty,z(tx)) for
t € [tg,tks1). Since tp < t, the linear growth bound ||u,(t,z)| = ||u(te, x(tx))|| < K(1 +
|lz(te)]]) < K(1 4 sup,« ||z(u)||) holds, and similarly u, inherits the Lipschitz constant of pu.
Defining 60, (¢, 2) = ¥~ '1,(t, z) and the centred process Y™ := X*0" — 24 the same Gronwall
and Novikov arguments as in Step 2 give Pyzo.n ~ Pg with density

T (Gw) = exp ( | otz + Gnaw i) -5 [ H9n<s,xo+G<w>>u?ds). (15)
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Step 4: Comparing the densities. Comparing (14) and (15), the log-density ratio is

—(G(w)) = / (Gn(s, o+ G(w)) — 0(s, zg + G(w)))dW(s)(w)
0 (16)
1

=5 | Batsan+ GDIP = 005,70+ Gl) ).

Our goal is to show that the densities —5= Y0
dP¢ dP¢

xo. By Scheffé’s Theorem, this gives total variation convergence Py=q.n w Py, for almost all xg.
Since X*0" = Yo" 4 x5 and X®0 = Y0 4 x, and total variation distance is invariant under the

converge to almost surely, for almost all

bi-measurable translation y — y + x, this gives Pxzq.n X Pyay for almost all X, after which
the disintegration from the beginning of the proof yields the desired total variation convergence
Px» 33 Py. Since the densities are exponentials, it suffices to show that the log-density ratio
(16) converges to 0 for (Py, ® P)-almost all (zg,w).

Our strategy is as follows. We bound both terms in (16) in terms of the single quantity
fOT 10,,(s, o + G) — 0(s, 1o + G)||*ds (Step 5). We then show that this quantity converges to 0
in L'(Pyx, ® P) (Step 6), which by the bounds implies that the log-density ratio converges to 0
in L!'(Px, ® P) as well. L' convergence implies convergence in probability, which guarantees the
existence of a subsequence n,, along which the log-density ratio converges to 0 for (Px, ® P)-
almost all (zg,w), as desired (Step 7).

Step 5: Bounding the log-density ratio. For the stochastic integral in (16), the Ito6
isometry gives

2

E (/OT (05,20 + G) — (s, 20 + G))dW(s)) _E VOT 10, (5, 20 + G) — 6(s, 0 + G)[2ds

and thus E[| [(0,, — 0)dW (s)|] < E[| [(6, — 0)dW (s)[*]*/? = E[[ |0 — 0]|*ds]*/? by Jensen’s
inequality. For the Lebesgue integral in (16), by the reverse triangle inequality |[|6,,[|* — [|6]|*| =
(N6all + 01101l = N1611] < 21161 + (|62 — O11)]|6 — 6]], so combined with Cauchy—Schwarz on
the product [|0]|||0, — 0| we have

T 1/2 T T
<2([uras) ([ nea-oas) o [ 16, olpas
0 0 0

1/2 1/2
and thus by Cauchy-Schwarz on the product 2 (fOT H0H2d5> <fOT 6, — 9H2d5> we get

o[| [ el - 1oy as]) < s [ 1o - o2 Tie [ 10—,

where E[fOT 10]12ds] < TM2K?E[(1 + ||zo|| + sup, [|G(u)]))?] := +L(z0)? < oo by linear growth,

1
whose finiteness follows from Doob’s maximal inequality (Karatzas and Shreve, 1988, Section
1.3, Theorem 3.8(iv)): E[sup, ||G(u)||?] < 4E[|G(T)||?] = 4tr(EX"T) < oo, where XX T is the
covariance of G(T'). Combining these bounds we obtain

?|

1/2

T
\ [ e = o) as

dPy-son 2

log B (G)H < (1+1L(x0)E [/OT ||9n_e|y2ds}

+ 1] [ 1o -opas). an
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We aim at showing L'(Px, ® P)-convergence of the log-density ratio from which we then obtain
a subsequence which converges for (Px, ® P)-almost all (zg,w). Integrating (17) over X, and
applying Cauchy-Schwarz over Py, to the first term gives

dPYxo,n 1/2

Ey, [E Hlog T (G)m <Ex, [(1+ 1L(X0))?]*Ex, [E {/OTHQN—QHst”

T
+ 3Ex, [E [/ 160, — 6H2dsH ,
0

where Ey,[(1 + 3L(X0))? < oo since E[[|Xo[[*] < oo by assumption. Hence L'(Px, ® P)-
convergence of the log-density ratio reduces to showing

Ex, [E [/OT 10, (s, Xo + G) — 0(s, Xo + G)||2dsH 0. (18)

Step 6: L'(Px, ® P ® \)-convergence of ||0, — 0||*>. To obtain (18) we show pointwise
convergence of ||0,,(s, zo + G(w)) — 0(s, 29 + G(w))||* = 0 for Py, ® P ® A-almost all (zg,w, s),
and apply dominated convergence on (R? x Q x [0,T],Px, ® P® ) to obtain the result.

Denote with #7(s) the ¢ such that s € [t t;41). Since 0,(s,z) = L7 u(t(s),z) and
0(s,x) = X (s, z), we have

105,20+ G) — (s, 20 + )| < M[u(t(s), w0 + G) — p(s.xo + Q)% (19)

Pointwise convergence: Fix (g, w). By the abbreviation above, u(t(s), zo+G) = u(tp(s), zo+
G(t7(s))) and u(s,zo + G) = u(s,zo + G(s)). As ti(s) — s we have zo + G(t}(s))(w) —
zo + G(s)(w) by continuity of G, and hence

|tk (s), xo + G) = u(s, xo + G)[| = 0

by joint continuity of x (continuous in ¢ and Lipschitz, hence continuous, in the state).
Dominating function: By the triangle inequality and linear growth ||u(t, zo + G)|| < K(1 +
[0l + sup,, |G (u)]]), so

16 (s, 20 + G) = 0(s, z0 + G)|I* < AM*K*(1 + [[ao|| + sup | G(w)])?,

uniformly in n and s. Since E[sup, |G (u)||?] < oo by Doob’s maximal inequality and E[|| X, |?] <
oo by assumption, this dominating function is integrable against Px, ®P. Dominated convergence
on (R x Q x [0,T],Px, @ P® \) gives (18).

Step 7: Conclusion. As argued in Step 5, (18) gives L'(Px, ® P)-convergence of the log-
density ratio, and hence a subsequence n,, along which the log-density ratio converges to 0
for (Px, ® P)-a.a. (zo,w). By Fubini’s theorem, for Py -a.a. 2o the log-density ratio converges

d§§;° Pg-a.s., and by Scheffé’s Theorem

yZo:nm

dPg
tv . .. .. . .
Pyegnm — Pyao; since total variation is invariant under the translation y — y + xo, also

P-a.s. to 0, so the densities converge to

Pxzo.nm Y Px=o. By the disintegration established in Step 1 we have
drv(Pxon Bx) < [ drv(Bson, Pxso )P, (an) =,

where the convergence to 0 follows by dominated convergence (since dry < 1). O
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E Proofs of Section 6

Rules 2 and 3 of the do-calculus (Theorem 12) involve o-separation conditions in a graph
augmented with intervention nodes R, (Definition 7). One approach to formalise this is to
introduce a separate framework of SCMs with free input nodes — the iSCM framework of Forré
and Mooij (2025) — and establish the Markov property for that framework. Instead, we model
the intervention variables as genuine endogenous variables in an extended system of causal
SDEs with an auxiliary exogenous distribution v. This allows us to apply the o-separation
Markov property (Theorem 6) directly to the extended system, without having to re-prove it
for a different framework.

Definition E.1 (System of causal SDEs with intervention variables). Let D be a system of
causal SDEs, B C V, and v a probability measure on Xg, := [[,c5(&, U {*}). The system with
intervention variables Dyo(rz~v) has:

e endogenous variables V' U Rp, where each indicator X, has sample space Xg, := X, U{*};

e exogenous variables W U Ep, where each Xp, has sample space Xg, := X, U {x}, with
joint distribution P(Xy ) ® v;

e for each v € B, the equation Xp, = X, for the intervention variable, and for each v € V/
the modified causal SDE

X, () = Xg, (1) if v e B and Xg, € X,
v fo(t, Xa@)) + f(f Go(5—, X, Xgw))dhy(s, Xy)) otherwise.

For non-product v the intervention variables Xg, (v € B) are dependent. For the causal
graph and the Markov properties we regard their exogenous parents as a single node Ep with
law v, each Xp, reading its coordinate; this adds the bidirected edges R, <> R, (u # v € B)
to G(Dao(ry~r)) and makes Dyo(rz~v) @ system of causal SDEs and thus equipped with a
o-separation Markov property.®

For any partition B = BiUB; and xp, € X,, we will abuse notation and write Dy Xpy =+Xp, =o5,)
1 2

for (DdO(RBNV)>dO(XRBl :*’XRBQ =rp,)"
Before proving the lemma we record a localisation property: on an event decided at time 0,
essential unique solvability pins down the solution on that event alone.

Lemma E.1 (Localisation of essential unique solvability). Let D be a system of causal SDEs
that is essentially uniquely solvable w.r.t. O C V, with solution function I'°) and S := V' \ O. Fix
an adapted input s : Xy — Xs and a measurable set G C Xy such that 1o(Xw) = 1o(X{).
If an adapted measurable map po : Xy — Xo satisfies po(Xw) = Po(vo(Xw), vs(Xw), Xw)
P-a.s. on G, then wo(Xw) = I ps(Xw), Xw) P-a.s. on G.

Proof. Write I := I'%pg(Xw), Xw) and set $o = po 1g + I Lge. Since I, po and L are
adapted (the latter since lg(Xw) = 1g(X{Y)), Po is adapted as well. By construction we then
have

B e

Since both right-hand sides are fixed points on their respective events — the first by hy-

pothesis, the second because I is a fixed point in general — we have that @¢o(Xw) =
Do (po(Xw), ps(Xw), Xw) P-a.s. The essential uniqueness of I then gives po = I P-a.s.,
and thus pp = I P-a.s. on G. [

8Treating Fp as a single node makes it a higher-dimensional exogenous process, a relaxation of the one-
dimensional exogenous process convention of Definition 1.
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Lemma E.2. Let D be a system of causal SDFEs that is essentially uniquely solvable w.r.t. every
OCV,let BCV, and let v be a probability measure on Xg,.

(1) Dao(rp~v) s essentially uniquely solvable w.r.t. every SCC of G(Dao(rg~))-’
(i) We have v-a.s.

IEDDdo(RBNu) (XV | dO(XRB = xRB)) = ]P)DdO(RBNV)(XV | XRB = :ERB)-

(iii) For any partition B = By U By and xp, € Xp,, we have
]P)Ddo(RBNV) (XV | dO(XRBl =% XRBQ = sz)) = IEDD(XV ’ dO(XBz = sz))'

Proof. (i) We verify essential unique solvability w.r.t. each SCC C' of G(D). The singletons are
immediate: for O = {R,} the mechanism is X, = Xg, , so Il := 2, is the unique adapted
solution function. It remains to treat an SCC C of G(D).

So fix an SCC C' C V of G(D), and let ® denote the pathwise mechanism of the augmented
system Dao(ry~w)- The complement of C'in V' U Rp splits into the endogenous inputs S := V' \ C
and the regime indicators Rp; accordingly fix adapted measurable maps g : Xy x Xg, — Xg
and g, : Xy X Xg, — Xg,. We must exhibit a measurable adapted map el . Xg x Xp, %
Xw X Xg, — Xc that is the following fixed point:

[N[C] (SOS7¢RB7XW7XEB) = q)c(j[o](gpSﬂDRB?XWaXEB% ¥S; PRy XWaXEB)

(P(Xw) ® v)-a.s. (evaluating ¢g, pr, both at (Xw, Xg,)), and the a.s.-unique such fixed point
among adapted processes: every adapted po with po = Po(@e, vs, Prg, ) (P(Xw) ® v)-a.s.
equals 11 (pg, or,, ) (P(Xw) ® v)-a.s.

A regime configuration zg, € X, specifies for each w € B whether Xp, is idle (zg, = *)
or set to a value zp, € &X,. Only the coordinates w € C'N B act on the C-block, so for each
partition m = B U BT of C' N B, let

Fr = {xRB = (xRBFQ;RBgaxRB\c) € XRB : xRB’f = * and xRBg 7 *}

be the cell of regime configurations on which exactly the variables in B are intervened on; the
2IC7Bl Borel sets {F,} partition Xg,. In particular, for x5, € Fy, all variables in C' N BY are
intervened on, and all variables in C™ := C'\ B} are governed by the original mechanism ®¢= of

D. Let I°"] be a solution function of D w.r.t. C™, and define Ier. Xg X Xp, X Xy X X, — Xo
on each cell F; by matching this mechanism,

INag, xp,, x = n
v ( i W)lFﬂ -[1[10 ](xSWSBRBg?'IW) v e Cﬂ—a
constant in xg,, and define the adapted and measurable map 1l = Yo 1p (zry,) I1C] ‘ Py
Composing 11°! with ¢ R, shifts the choice of which variables in Rp are intervened on to the
realised exogenous values (xw,2E,). To analyse the fixed-point and uniqueness properties of
Il define
Gr = {($W>$EB) LRy (Tw, TEy) € F7r}7

such that we can express

©R, veCnBhBjy,

=10 .
[z[) ](SDSAORB?:’EW)’G} T {[[CW](()OS ORpesTw) v ECT
v 5 BY '

9This can be strengthened to being essentially uniquely solvable w.r.t. every O C V U Rp, but since this is
more complicated and not necessary for our purposes, we do not prove this stronger result.
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We analyse the fixed-point and uniqueness properties on a single cell G,. For each xg, write
Gr(rg,) = {zw : (zw,2g,) € Gz} C Xw. For each v € C™, by the fixed-point property of
157" the process ]QECW](cpSURBg(-,xEB), -) is a fixed point of @, (-, ('DSURBS'(.VIEB)’ ) on Gr(zgg)
outside of some P(Xyy)-null set, and for every other solution ¢, : Xy x Xg, — &, we have by
Lemma E.1 that ¢, = I}*] P(Xw)-a.s. on Gr(zg,). The set of (zw,xp,) € G where these
properties fail is Borel with each section G, (zg,) being P(Xy )-null, hence is (P(Xy ) ® v)-null
by Fubini. For each v € C'N B, the mechanism ®, in Dy,(ry~) does not depend on X¢: it sets
X, = Xg, (Definition E.1), which on G, equals pg, € &,. The v-component of the fixed-point
equation is thus X, = ¢p,, whose unique adapted solution is ZEC] = g, (on the whole of G).

Since {G}, partitions Xy x Xg,,, I (ps(), @rs(+), <) is (P(Xw) ® v)-a.s. a fixed point of
¢, and any adapted fixed point ¢ equals it (P(Xw)®@v)-a.s. Since (¢s, ¢r,) was an arbitrary
adapted input, Dyo(rz~v) 1s essentially uniquely solvable w.r.t. C.

(ii) For a regime xp, € Xg,, let By := {v € B : xp, # *} be its intervened coordinates
and zp, 1= (TR, )ven, € X, their values. By D’s essential unique solvability and Theorem 1
(intervening on By C V), the system Dy Xp,=up,) 18 essentially uniquely solvable w.r.t. V; write
h(zw,xr,) € Xy for its V-solution, giving a measurable map h : Xy x Xg, — Xy. By part
(i) and Lemma B.3, Dyo(ry~) is essentially uniquely solvable w.r.t. VU Rp, so it admits the
solution function IVYEEl . Xy x Xp, — Xy x Xg,. By its essential unique solvability we have

for each zp, that ]‘[/VURB}(xW, rp,) = h(xw, rp,) holds P(Xy )-a.s.
For each v € V' the causal SDE for v in Dy, Xpp=vny) coincides with the causal SDEs for v
in Dio(xp,=xp,)- Hence, for every zg,,
PDy iy (Xv [ dO(X Ry = 2,)) = P(W(Xw, 2R,))- (20)

As Xy = h(Xw, Xg,) with Xg, = Xg, a.s. and Xy 1L Xg, under P(Xy) ® v, we have for
V-a.a. TRy

]P)Ddo(RBNV)<XV ‘ XRB = xRB) = P(h(XW7xRB> |XEB = xRB) = P(h(XWv xRB))‘
The interventional and conditional distributions therefore agree v-a.s.
(iii) Taking zr, = (x,xp,) in (20) gives
PDdo(RBNV) (XV ‘ d()()(l“’uz1 =% XR82 = xBZ)) = P(h(XW? (*7 3332)))'

By definition hA(:, (x,xp,)) is the V-solution of Dao(xp,=1p,), S0 the right-hand side equals
PD(XV ‘ dO(X32 = Z'BQ)). ]

Theorem 12. Let D be a system of causal SDFEs that is essentially uniquely solvable w.r.t.
every O CV, and let A, B,C CV be pairwise disjoint. Then:

1. Insertion/deletion of observation. If A L¢p) B|C, then
P(X4|Xp, Xc) =P(X4|Xe) P(Xp,Xc)-a.s.
2. Action/observation exchange. If A J_"G(D)dO(RB) Rp|BUC and P(X¢ | Xp = 2p) < P(X¢ |
do(Xp = zg)) for P(Xp)-a.a. xp, then
P(X4|do(Xp),Xc) =P(Xa| X, Xc) P(Xp,Xc)-a.s.

5. Insertion/deletion of action. If A Lgp,
]P(Xc) < ]P(XC ‘ dO(XB = l’B)),

Ry | C, then for every rp € Xp such that

do(Rp)

P(XA | dO(XB = JZB), Xc) = P(XA | Xc) ]P)(Xc)—a.s.
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Proof. The proof follows (Forré and Mooij, 2025, Theorem 5.1.2).

Rule 1. By Theorem 6, the o-separation A L¢p) B|C gives X4 I Xp| Xc under Pp. By
Kallenberg (2021), Theorem 8.9, this gives Pp(X4 | X5, X¢) = IP’D(XA | Xc) Pp(Xp, X¢)-a.s.

Rule 2. Define v := 6( _____ o+ IP’D(XB) on Xg,. Write D, := Dyo(r,~v) and let @( )do(R)
be the graph G(D )do (Rg) appended with bidirected edges R, <> R, for all u # v € B. Then
we also have the o-separation A J_G(D) RB | BUC, since compared to G(D)qo(ry), adding
bidirected edges between the 1ntervent10n varlables does not open up a walk between A and Rp
(conditioned on BUC'). Since G(D, ) is a subgraph of G(D)go(r,) We also have A L&, Be| BUC.
By Lemma E.2(i) D, is essentially uniquely solvable with respect to every strongly connected
component of G(D,), so the o-separation Markov property holds and we have under Pp, the
conditional independence X4 I X, | Xp, X¢, which gives the factorisation

Pp, (X4, X5, Xc, Xr,) = Q(Xa | X5, Xc) ® Pp, (X5, X, Xry),
for some Markov kernel Q : Xp x Xo — P(X4). By conditioning the factorisation above on
Xg, and applying Lemma E.2(ii) we get
Pp, (Xa, X, Xo[do(Xg,)) = Q(Xa | X5, Xo) @ Pp, (X5, Xo [ do(Xry)) (21)
v-a.s. Under do(Xg, = %), Lemma E.2(iii) and (21) give
Pp(Xa, X, Xc) = QX4 | X5, Xc) ® Pp(Xp, Xo),

and hence Q(X 4| Xp, X¢) = Pp(X4| Xp, X¢) holds Pp(Xp, X¢)-a.s. Under do(Xg, = z5)
for xp € X, Lemma E.2(iii) and (21) give, for Pp(Xp)-a.a. g that

Pp(Xa, Xc|do(Xp =25)) = Q(Xa| Xp =125, Xc) @Pp(Xc|do(Xp = zp)) (22)

and hence Q(X4 | Xp, X¢) = Pp(Xa|do(Xp = xp), X¢) holds for Pp(Xpg)-almost all xp,
Pp(Xc |do(Xp = zp))-a.s. If for Pp(Xp)-a.a. xp we also have Pp(X¢ | Xp = 25) < Pp(Xc¢ |
do(Xp = 2p)), then Q(X4 | Xp, X¢) = Pp(Xa|do(X5g), X¢) holds Pp(Xp, X¢)-a.s. as well, in
which case PD(XA | XB, Xc) = PD(XA | dO(XB), Xc) holds PD(XB, Xc)—a.S.

Rule 3. Let x5 € Xp and define v := @, 5 (30, + 30,,) on Xg,. Since v is a product
measure we have that G(D,) is a subgraph of G(D)ao(rps), s0 A L% p,) Rp|C. By the o-
separation Markov property for D, we have the conditional mdependence Xal Xg, | Xc,
giving the factorisation

Pp, (Xa,Xc, Xgp) = Q(Xa | Xc) @ Pp, (Xc, Xny),
for some Markov kernel Q : Xo — P(X4), and similarly to Rule 2 this yields
Pp, (X4, Xc |do(Xg,)) = Q(Xa| Xo) ® Pp, (Xe|do(Xg,)) v-as.

Under do(Xg, = %), Lemma E.2(iii) gives Q(X4 | X¢) = Pp(X4 | X¢) Pp(X¢)-a.s. Since v
assigns positive mass to xp, we have by Lemma E.2(iii) under do(Xg, = zp) that

Q(XA | Xc) = PD(XA | dO(XB = IB>, Xc) ]P)D(XC | dO(XB = xB))—a.s.

If Pp(Xeo) < Pp(Xe|do(Xp = xp)) then this last equality holds Pp(X¢)-a.s., and combining
with the previous equality yields Pp(X4|do(Xp = z5), X¢) = Pp(Xa | Xc) Pp(Xe)-as. O

Theorem 13. Let D be a system of causal SDEs that is essentially uniquely solvable w.r.t.
every O C 'V and let u,v € V. If there is no directed path from w to v in G(D), then
P(X, | do(X,)) = P(X,).

Proof. If there is no directed path from u to v in G(D), then there is no directed path from u
to v in G(D)ao(r,) (since R, has only the edge R, — u), and hence v J_g(D)do(Ru) R,. Applying
Rule 3 of Theorem 12 with A = {v}, B = {u}, C' = 0 (the absolute continuity condition is
vacuous since C' = () gives P(X, |do(X,)) = P(X,). O
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F Proofs of Section 7

Define the restriction map res” : D([0,T],R") — D(Z,R") as res’(z) := x|z, and extend as

res® = (rest, ..., res?m).

Lemma F.1. Let D = (V,W, Xw, f, g, h) be a system of causal SDEs, £ a finite partition of
[0, 7] into intervals and D¢ the time-split SDE. Then.:

(i) If Xv is a solution of D, then X§ :=res®(Xy) is a solution of D.
(ii) Conversely, if X& is a solution of D¢, then Xy := cat(X{) is a solution of D.

Proof. (i) Let Xy solve D and set X§ := res®(Xy); let X§, denote the corresponding tuple of
exogenous increment processes from Definition 8. Fix v € V|, 7, € £, s € 7. Evaluating the
SDE at s and at by_; j gives

Xo(s) = Xo(br—1k) + (fo(5: Xaw) = folbr-r.6, Xaw))) +/s Go(u—, X, Xp))dhy(u, X))

br—1,k

We have X, (by_1x) = Xf’“‘l(bk_m), which for k = 1 equals X, (0) = f,(0, X4

a(v)) Dy Definition 8.
Under the reconstructions X () = (Cat(XS(v)ﬂV) rec(XS(v)mW)) and similarly for {v} U f(v) and
y(v), writing out the definitions of fZr, gZk, hf’v yields the time-split SDE for X7

(i1 ) Let X& solve D¢ and set Xy := cat(X$), Xy := rec(X{,). Under these reconstructions,
fI gh hIx evaluate via the orlglnal fv, 9v, hy as in Definition 8. We show by induction on k&
that X, (s) = fu(s, Xaw)) + Jy go(tu—, X, Xg))dhy(u, X)) for all s € T

Base (k=1). The tlme split SDE on 7, stralghtforwardly reduces to X7 (s) = fu(s, Xa@) +
fos Gu (U—, Xm XB(U))dhv(u7 X’y(v))

Inductive step (k> 2). The time-split SDE on Z; reads

ng (S) = XfIﬁl (bk—l,k)+(fv(37 Xa(v)>_fv(bk—1,k7 Xa(v))) +/ 9v (U—, Xw Xﬁ(v)>dhv(u7 Xv(v))
br—1,k

We have XL“‘l(b;c 1) = Xy(bk—1,%), which by the induction hypothesis equals f, (br—1,%, Xa(w)) +

fob’“’l * go(u—, Xy, Xg y)dhy (1, Xo(). Substituting and combining the integrals gives X, (s) =

fo(s, X +f0 Go(u—, Xo, Xaw))dhy(u, X)) ]

Lemma F.2 (Solvability of the time-split system). Let D be a system of causal SDEs satisfying
Assumption 1 whose exogenous processes have independent increments, and let £ be a finite
partition of [0, T into intervals. Then the time-split system D¢ is essentially uniquely solvable
w.r.t. every O CV x &.

Proof. By adaptedness, G(D¢) has no edges from later to earlier intervals, so every SCC of G(D¢)
is of the form S x{Z} for some SCC S of G(D). On each such SCC, the functions fZ*, g+ hZ* are
compositions of f,, g,, h, with cat and rec, and the linear-growth and Lipschitz bounds transfer
pointwise since ||cat(z°)lo < maxy |27l and [[rec(y®)lloo < 325 1y [loc < [€] maxy, ||y [|s.
Hence D¢ satisfies Assumption 1, and by Theorem 3 it is essentially uniquely solvable w.r.t.
every O CV x &. O]

For any subset O C (VU W) x € and tuple of processes To = (Z%)(,1)c0 € D([0,T],R)IN,
let the restriction map res(zop) = (ves”(Z%))w,1)c0 be applied element-wise. As a main tool for
embedding each variable 22 € D(Zy,R) of Df in D([0,T],R), consider the following map:

7 limginez, 225 (s) if t = infZy and t ¢ Ty
ext(,)(t) = xe(t) if t € 7,
20 (bygs1) if t > supZy,
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extended componentwise. Note that res o ext = id.

Definition F.1 (Embedded time-split system). Given D such that each exogenous process
X, has independent increments, let D¢ = (V x EW x & Xywye, f&, 95, h“g/) be the time-split
system of causal SDEs (Definition 8) for some finite partition £ of [0,7] into intervals, and
let ®Zk denote its pathwise mechanism. We define the embedded time-split system D¢ :=
(V X EW X E, Xyse, Xwxe, Ci)f/,lp) on [0,T7] as follows:

e Sample spaces Xy ¢ := D([0,7],R)V*¢l and Xy e := D(]0, T], R)W*¢l.
e For each (v,Z;) € V x &, the embedded causal SDE XZx(¢) = &I (2%, 75,)(t) with
L+ (2%, 25y = ext (D (res(zy), res(z)))).
e As exogenous distribution P(X§,) := & (w.1)ew xe P(XZ) the distribution of the random

variable )
X = ext(X5)

where X§, is any random variable with distribution P(X§,).

Lemma F.3. Let D be the time-split system of causal SDEs from Definition 8 with exogenous
processes X, (w € W) having independent increments, then:

(i) If D¢ is essentially uniquely solvable w.r.t. O CV x &, then so is D¢.
(ii) G(D?) = G(D?).
(iii) For every S CV x &, with O :=(V x &)\ S, and every g € Xy,
Ppe (Xo |do(Xs = x5)) = Ppe (res(Xo) | do(Xg = ext(zg))).
Proof. (i) Fix O CV x &€ and write S := (V x &)\ O. By essential unique solvability of D¢

w.r.t. O, there is an adapted measurable solution function I'°! : Xg x Xy e — Xp, that satisfies
for every admissible adapted measurable pg : Xy e — Xs the fixed-point property

I'Nps(Xiy), Xiy) = @o (I (ps (X5, X7 ), 0s(X), Xiy) (23)

P-a.s., and is essentially unique. Define I O Xg x Xyyye — Xo as the componentwise extension
of the time-split solution to [0, 77,

1(zs, 75y) 1= ext (I (res(zs) res(ziy )

which is adapted and measurable. Fix an admissible, adapted measurable @g : Xjyye — Xg and
let g :=reso Ps oext : X xe — XS,_ which is admissible, a_dapted and measurable as well.
Write X§, := res(X§,), so that res(¢s(X§)) = ps(25,). Using ®p = exto®pores, resoext = id,
and (23),

Ci)o (ﬂO]<@S(XI§V)7 Xli/% @S(thf)’ XI§V) = ext (CPO(I[O](QOS(ZC%/% xa/)’ QOS(*T%/)? xéV))

P-a.s., so f[o]_(@s()zﬁ,),_)_(ﬁ,) is a fixed point of ®p. B ) ) ) )
Let o : Xywxe — Xo be ameasurable adapted function with o (X§,) = ®o(po(X5 ), ¢5(X§ ), X&)

P-a.s., and set o = resoppoext, so that res(¢o(X§,)) = wo(r§,) P-a.s. Using ®p = exto®pores

and applying res (with res o ext = id) gives go(2%,) = Po(po(rf), vs(r), 25); since
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P(res(X&,)) = P(X§,) this holds P-a.s., so by the essential uniqueness of I9 oo (xf,) =
IO (pg (), 28,) P-a.s. Substituting back and using (23),

XW = eXt( I[O W)? $€V), 905(‘%%/)7 xéV)) = eXt(][O](SOS<I%/)7 IE%/)) = j[O]<@S(XI§I/)7 Xglf)

P-a.s.

(ii) By Definition F.1, %+ = exto<I>Ik ores, and ext, res are deterministic with res”s (xg )= aw ;
hence ®Z+ essentially depends on 7 if and only if ®Z* essentially depends on z , so the
directed edges into (v,Z) coincide in G(D¥) and G(Df) — including the initial-value edge
(v, Zo_1) = (v,73), carried by the term Xp*" (b1 ) inside ®Z¢ (Definition 8). Bidirected edges
match via the product factorisation P = & (w.1) P(XZ). Hence G(D?) = G(D?).

(i) Fix a solution function IO Xgx Xyywe = Xo of DF wr.t. O, and let I19) = extoll@ores
be the solution function of D¢ from part (i). Since res o ext = id,

res(I1(zg, 75,)) = 119 (ves(zs), res(z5,)). (24)

By part (i), D¢ is essentially uniquely solvable, so its interventional distributions are well-defined
as pushforwards under the (intervened) solution function. Applied to Df and to Df, this gives

Ppe (Xo | do(Xs = xg)) = IV (xs, ). P(XE),
Ppe (Xo |do(Xs = ext(zg))) = % ext(xg), ) P(XE).

The law of res(Xo) under the embedded interventional distribution is the pushforward of P(X§,)
under

Eﬁ, — res(ﬂo} (ext(xg),fﬁf)) @ 110 (res(ext(xg)),res(i‘ﬁ,)) = I (xs,res(f‘gv)),

where the final equality uses res o ext = id. By Definition F.1, P(res(X§,)) = P(X§,), so this
pushforward equals I'9(zg, -).P(X§,) = Ppe (Xo | do(Xs = z5)) as required. O

Theorem 14 (Markov properties for time-split systems of causal SDEs). Let £ be a finite
partition of [0,T] into intervals with temporal ordering, and let D be a system of causal SDEs
whose exogenous processes X, (w € W) have independent increments.

(i) If D satisfies Assumption 1, then D¢ satisfies the o-separation Markov property: for all
A, B7 Cl, ceey Cr g V and IA;IBaICla ...,ICT g (9,

X G(Lpg)XIB | X5, XEer — XTa X XL X

(ii) If D satisfies Assumption 2, then D¢ satisfies the d-separation Markov property: for all
A, B7 01, ceey Cr Q V and IA,ZB,ICI, ...,ICT Q 5,

d
Za Ip | yia Ic, Ta Ip | vZo To,
Xy G(JD_S)XB | Xt Xom = Xt LXE° | X X

Proof. (i) By Lemma F.2, D¢ is essentially uniquely solvable w.r.t. every O C V' x €. By
Lemma F.3(i), the embedded time-split system D¢ is also essentially uniquely solvable as a
system of causal SDEs on [0, 77, so the o-separation Markov property applies to it. Suppose

X L& e X727 | ngl, . ,XICT By Lemma F.3(ii), G(D¢) = G(D?), so the same o-separation
holds in G(D?) between the corresponding embedded variables: X% L& e XP| X glcl, . ,X’gfr.
The o-separation Markov property in D¢ then gives X i“‘ 1 X ﬁB | X ;{101 e ,ng" under P. By
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Lemma F.3(iii) with S = (), P(res(Xv)) = P(Xy ), and hence X3* 1L X737 | Xécl, . ,ngr under
P.

(ii) Let Eg := Jzee{inf Z,sup T} be the set of end-points of the partition £, and consider

the Euler scheme X2 on a grid containing Eg. Write ch = (ngl, o ,ngT) for brevity,

and similarly (X&)% and (X2)%¢ for the Euler-grid and continuous-Euler analogues. Suppose
X5 LY X TP | XE° in the time-split graph G(D?). By the same argument as Lemma 7 adapted
to the time-split graph (collapsing time-points within each interval to its (v,Z)-vertex respects
interval membership since the Euler grid contains Eg), this gives (X£)%4 L4(X%5)%5 |(X&)% in
the Euler graph G(M25), where we write (X53)%4 = (X4 (tx) : tx € Z). Since the Euler graph
is acyclic, the d-separation Markov property gives (X7)% 1L (Xg§)%8 |(X&)%c. Let XI be the
continuous Euler scheme from (8). By the argument in the proof of Theorem 8 applied to the
interval-restricted blocks — the gridpoints (functions of the increments) being independent
of the Brownian bridges, with the gridpoint conditional independence above and the bridge

conditional independence from the shared-noise structure — the continuous Euler scheme
satisfies (X7)%4 1L (X3)%2 [(X2)%e. Let proj(Xv) := (X5*, X352, X&°), then

v (B(proj (X)), Bproj(X0))) = sup _ [B(X} € 4) —B(Xy € 4)
A€o (proj
< s [B(Xp € A) —P(Xy € 4)
AeB(C([0,T],R4))

= drv (P(X7), P(Xv)).

By Theorem 9 there exists a subsequence n,, such that the right-hand side converges to 0, and
by Theorem 10 we conclude that X%* 1L X737 | X°. O

Theorem 15 (Do-calculus for time-split systems of causal SDEs). Let D be a system of
causal SDEs satisfying Assumption 1 whose exogenous processes X, (w € W) have independent
increments, and let € be a finite partition of [0,T] into intervals with temporal ordering. For

A,B,Cy,....C, CV andTa, I, Te,, ..., I, C € such that the blocks AT+, BTe C7°", ... CFer
are pairwise disjoint in'V x &, write ch = (Xécl, e ,ngr). Then:

1. Tnsertion/deletion of observation. If X3* Lémpey X | Xk, then
P(X3 | X7, XE7) = P(X3 [ XE)  P(XEP, XE7)-aus.

2. Action/observation exchange. If X3 Leme) REP | X752, X5 and P(XE | XEP =

do(RBB)

rp) < P(XE |do(XEP = xp)) for P(X5P)-a.a. xp, then

P(X3* | do(Xp"), X&) = P(X3* | X", Xc0) P(X", X()-aus.

, RIP | X2°, then for every tp € Xpr,

3. Insertion/deletion of action. If X3 G(De)
do(RE5P)

such that P(X2) < P(X[C | do(X 5P = xp)),
P(X" | do(X5" = xp), X&) = P(X3* | X57)  P(XE)-a.s.

Proof. We prove Rule 2 explicitly; Rules 1 and 3 follow from similar arguments. Sup-
pose that for D¢ we have X7 Léme RP | X752, X[, and Ppe (X | X3P = 1) <
)

s
do(R5P

Ppe (X | do(X5° = xp)) for Ppe(X5P)-a.a. x5. By Lemma F.3(ii), G(D?) = G(D?), and
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so XA L& ope) RéB | X722, X as well. By Lemma F.3(iii), for every S C V x & (write
do(RP)
O:=(VxE&)\ S) and every xg € X,

]P)Ds (XO | dO(XS = l’s)) ]P'DS (I‘GS(Xo) ’ dO( S = ext(xs))) (25)
and similarly:
Ppe (ext(Xo) |do(Xs = )) Pse (XO |do(Xs = ext(xg))) (26)

Here (26) follows by applying ext to (25): by Lemma F.3(i) the intervened solution of Df is X =
19 (ext(zg), X§,) = ext(I19(xg, X§,)), which lies in the image of ext, so Xp = ext(res()_(o)).
Since absolute continuity is preserved under push-forwards, (26) gives Ppe (X ° | Xy In —7p) <
Ppe (X5 | do(X 57 = Zp)) for Ppe (X257 )-almost all 5. The embedded time-split system D¢ is a
system of causal SDEs on [0, T; since D¢ is essentially uniquely solvable w.r.t. every O C V x &
(Lemma F.2), so is D¢ by Lemma F.3(i), and Theorem 12 applies to D¢. Applying Rule 2 to
D¢ then gives

Ppe (X34 | X757, X)) = Ppe (X34 | do(X7P), X5°)  Ppe (X537, X°)-aus

Componentwise pushforward by res (using (25)) yields Ppe (X5 | X352, X2°) = Ppe (X5 | do(X5?), X°)
Ppe (X752, X&°)-a.s., establishing Rule 2 for DF. O

F.1 Proofs of Section 7.1

Theorem 16. Let D be a system of causal SDFEs satisfying Assumption 1 whose exogenous
processes X, (w € W) have independent increments, and let u,v € V.

(i) Let DIOSLST pe faithful for every 0 < s < T. If there is a directed path from u to v in
G(D), then u is a Granger cause of v.

(i) Let G(D) have no bidirected edges. If u is a Granger cause of v, then there is a directed
path from u to v in G(D).

Proof. (i) Let w = zy — 2y — -+ — 2, = v be a directed path in G(D), and fix any 0 < s < T
By Definition 8, the causal SDE for X{*") contains the initial-value term X."*(b), giving the
self-edge ul® — w1 in G(DUOSLET) - Within (s, T], the causal SDE for each Xéfﬂ has
parent set a(zi41) U B(2i41) U7 (2i11), inheriting the edge 27! — zz(_sHT] from z; — 2,11 in G(D).
Composing these yields the walk

(T _,

wl0sl s T 2] (511 _y (1]

- — ’Zn—l
in G(D0sL(T}H)  Every non-endpoint node lies in (s,7] and so is not in the conditioning set
X‘[?G]u}, so the walk is o-active. By faithfulness of DIOshT1 - x10] y x{=7] ’X\[E\? }» S0 U is a
Granger cause of v.

(11) We prove the contrapositive. Suppose there is no directed path from u to v in G(D), and

there is no latent confounding (so G(D{%s(=71}) contains no bidirected edges). Fix 0 < s < T

and write C' := X‘[%{]u}. Let m be any walk from u[** to v(*]; we show that it is o-blocked
given C. Let wl®* be the last node of 7 lying in [0, s], so all subsequent nodes lie in (s, T]. By
adaptedness G(DI0=:(=T1}) has no edges from (s, 7] to [0, s], so the edge from w[®* to the next
node is of the form w!®* — w/71: hence w!®* is a non-collider that points to w'>7), which lies
in a different interval and thus a different strongly connected component (SCCs of the time-split

graph never span intervals), so w(®* is blockable. If w # wu, then w® € C is a blockable
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non-collider, so  is o-blocked. If w = u, then every node of 7 after u>! lies in (s, T]. Suppose
7 were g-open; since C' C [0, s] and no (s, T]-node is an ancestor of a [0, s]-node, any collider on
the portion after u*! would lie outside Anc(C) and block 7, so this portion is collider-free. As
its first edge ul®® — w1 is outgoing, it is then a directed path ul®* — w/TT — ... — p(&T]
giving a directed path from u to v in G(D), contradicting the assumption; hence 7 is o-blocked.
Therefore every walk from u[%* to v7] is o-blocked given C, and by the o-separation Markov
property (Theorem 14(i)), X0y x e \ X% for every 0 < s < T. Hence u is not a Granger

V\{u}
cause of v. O]

F.1.1 Proofs of Section 7.1.1

Lemma F.4. If Xp is a semimartingale with respect to F¥ such that sup,co 1) | X(t)[| < ¢
almost surely for some deterministic ¢ < oo, then for all C C V', the optional projection
E[Xp(t) | FC] exists and is a special semimartingale.

Proof. If Xp is bounded, then the optional projection E[Xp(t) | F£] exists and is bounded (see
Protter (2005) V1.2 at the definition of optional projection).

Since Xp is bounded, the process |Xp(t)| is bounded as well, hence the optional projection
E[| Xp(t)|| F£] exists and is bounded. Since Xp is also a semimartingale with respect to FV, it
follows that the optional projection E[Xg(t) | F£] is a bounded semimartingale (Follmer and
Protter (2011), Theorem 3.5).

Every bounded process has bounded jumps and every semimartingale with bounded jumps is
a special semimartingale (Protter (2005), I11.7.35), so the bounded semimartingale E[Xp(t) | F£]
is a special semimartingale. O]

In the original work of Florens and Fougere (1996), it is claimed for the setting where
B C C that if XE)’S] iLXg’t] |Xg)’s], then in the Doob-Meyer decomposition Xp = A® + M,
the FC-local martingale M is a }}A “local martingale, in which case we also have A¢ = A4C
and hence local independence. That M is a ]-"tA’C—local martingale should follow from their
Corollary 2.1, saying that if XE)’S] i Xg’ﬂ |Xg)’s], then any FP-adapted F-local martingale is
an .7-"{4 “local martingale. However, the FC-local martingale M is not necessarily FZ-adapted,
so one cannot apply Corollary 2.1 to obtain that MY is also a ]-"tA “Jocal martingale. The
following proof corrects this error and extends the theorem to the setting where B is not
contained in C.

Theorem 17. Let D be a system of causal SDFEs satisfying Assumption 1 whose exogenous
processes X, (w € W) have independent increments, such that sup,cio 7 || Xv (?)|| < ¢ almost
surely for some deterministic ¢ < oo, and let A,B,C C V. If for all 0 < s <t < T we
have X0 1 X0 x0T in the time-split system DU ETY  then X, 4 Xp| Xe and
MC = MAC. Conversely, if B = C, then X4 /4 Xp| Xc implies XI[L?’S] iLXg’t] Xg)’s] for all
0<s<t<T.

Proof. We must show that AY = A;A @ a.s. — we will derive this property via the definition of

these processes as given in the proof of the Doob-Meyer decomposition from Kallenberg (2021),
Theorem 10.5. Let X§(t) := E[Xp(t) | FC] and X5 (t) := E[Xp(t) | F*C]. Consider the points
t% := jT/2" that define the dyadic partition of [0, T]. Define

(af)" = ZE[Xg(t?) - X5t | 7, (27)

then {(a$)" : n > 1} is uniformly integrable, so by the Dunford-Pettis criterion there is a
subsequence ny, such that (a$)™ has a weak limit a$ € L1(F¥). The Doob-Meyer decomposition
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is then given by
Af = X5 (t) - E[X5(T) — o | F{] (28)

and ML := X§(t) — AY. That MY is a martingale is immediate, and see Kallenberg (2021) for a
proof that A%is a predictable finite-variation process. We obtain the Doob-Meyer decomp081t10n
of X ¢ with respect to ]-"t smnlarly, via the last element aé e Fr ¢ and defining A€ i
terms of a/p“. Since Xp is cadlag, Xp(s) = limeo Xp(s-+¢€), so Xp(s) is measurable with respect
to o(X "), and hence, for 0 < s < ¢, the assumed conditional independence X 11 x| x [0
implies X7 1 Xp5(s) | X9 and thus X§(s) = E[Xp(s) | FC] = E[Xp(s) | FAC] = XA4C(s).
Since the optlonal projections are cadlag and the filtrations right-continuous, letting s | 0
extends this identity to s = 0 and yields E[Xp(r) | F§] = E[Xp(r) | F3"¢] for every r € (0, T);
hence X§ = X7, We then see from (27) (and the tower property) that (a$)" = ()", and
hence also o = a7 2:C We also have for any ¢ € [0,7] and ¢ such that ¢ | <t < that

E[(a$)" | FC] = ZEXBt" XE () | Fe 1+ ZEXBt” Xgr )| FO,

j=i+1

which by the assumed conditional independence and the tower property is equal to E[(a$)" | .EA C].
Since the map (a$)" — E[(a$)" | F£] is continuous from the weak topology o(L'(FS), LOO(J:C))
to o(LY(FL), L=(FF)) (see e.g. the discussion in Dellacherie and Meyer (1978), 11.42), w
get that E[(a$)™ | FC] converges weakly to E[a$ | FC], giving E[aS | FC] = E[a | FC]. By
the independence assumption we also have E[X(T) | FC] = E[Xp(T) | F"], so from (28) we
obtain A® = A*C. Since X§ = X7 this also gives M = MAC.

If B=C, the remaining imphcatlon follows directly from Brémaud and Yor (1978) Theorem
3, as also remarked by Florens and Fougere (1996). O
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